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In recent years, several authors have studied “minimal” orbits of Hamiltonian
systems in two degrees of freedom and of area preserving monotone twist diffeo-
morphisms. Here, “minimal” means action minimizing. This class of orbits has
many interesting properties, as may be seen in the survey article of Bangert
[4]. It is natural to ask if there is any generalization of this class of orbits
to Hamiltonian systems in more degrees of freedom.

In this article, we propose a generalization to periodic Hamiltonian systems
in more degrees of freedom. However, we generalize not the notion of minimal
orbit, but the closely related notion of minimal measure, which we introduced
in [18].

We obtain two basic results here: an existence theorem for minimal measures,
and a regularity theorem which asserts that the minimal measures can be
expressed as (partially defined) Lipschitz sections of the tangent bundle.

In the sort of generalization that we do here, a major difficulty is finding
the right setting. The setting which we propose here has two important features:
the results are valid for periodic positive definite Lagrangian systems, and the
results are formulated in terms of invariant measures.

1 am indebted to J. Moser for pointing out to me several years ago that
periodic positive definite Lagrangian systems in one degree of freedom provide
a setting in which it is possible to formulate results which generalize both the
author’s results [17] (and the closely related results of Aubry and Le Daeron
[1]) and the results of Hedlund [12] concerning “class A” geodesics on a Rie-
mannian manifold diffeomorphic to the 2-torus. Indeed, Moser has proved [20]
that every twist diffcomorphism is the time one map associated to a suitable
periodic positive definite Lagrangian system. Denzler [10] has carried out
Moser’s program in one degree of freedom. This remark of Moser suggested
to me that periodic positive definite Lagrangian systems should provide the
right setting in more degrees of freedom.

There is some earlier work in the direction of this paper. Bernstein and
Katok [6] obtained results concerning periodic orbits near invariant tori, using
a variational method related to the variational method of this paper.
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Also, the recent article of Katok [14] contains results about minimal orbits
in more degrees of freedom. Bangert [ 5] studies minimal {or “class A™) geodesics
on higher dimensional manifolds. We should also mention the important recent
results of M. Herman [13]. Although his methods are not variational, he gives
examples showing that the Lipschitz graph property of invariant tori holds
only for positive (or negative) definite invariant tori, thus showing that the
positive definiteness condition is not just a convenience for the proof, but actually
makes a difference in the dynamics.

1 Periodic positive definite Lagrangian systems

Throughout this paper, we let M denote a compact, connected C* manifold,
TM its tangent bundle, and L: TM x R - R a C? function, called the “Lagran-
gian”. In all the examples which will be of interest to us, M is a torus, but
everything works for arbitrary compact, smooth manifolds. We impose various
conditions on L, once and for all.

Periodicity. We suppose that L is periodic in the R factor. For simplicity, we
will suppose that the period is one:

L& t+1)=L(1), &eTM, teR.

Positive definiteness. We suppose that L has positive definite fiberwise Hessian
second derivative, everywhere. This condition may be expressed in two ways.
Here is the simpler: For meM, let TM,, denote the tangent space to M at
m. Our condition is simply that for each me M and t€IR, the restriction L|TM,,
x t has everywhere positive definite Hessian second derivative. Here, the Hessian
second derivative is taken with respect to any linear system of coordinates on
Ty . Since TM,, is a vector space, it is meaningful to speak of linear coordinates
on TM,,. It is an elementary exercise to show that if the Hessian second deriva-
tive is positive definite with respect to one such system, it is positive definite
with respect to every such system.

The more classical way to express this condition is to introduce a C® system
of local coordinates x4, ..., x, for an open set U in M. One has local coordinates
X1y eens Xps X1, -ory X, in 7 1 U canonically associated to these coordinates, where
7: TM — M denotes the projection. The more classical form of the positive defini-
teness condition is to require that the matrix L, ., of second partial derivatives
should be positive definite everywhere that it is defined, and this should hold
true for every C* local coordinate system x,, ..., x,.

Superlinear growth, We suppose that L has fiberwise superlinear growth:
L& 0/1gl—»+o0, as [&|—>+o0, for {eTM,teR.

Here, || | denotes the norm associated to a Riemannian metric on M. Since
M is compact, this condition is independent of which Riemannian metric is
chosen.

The fourth condition is the completeness of the Euler-Lagrange flow associat-
ed to L. To explain this condition we must first explain the Euler-Lagrange
vector field.
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We seek C! curves y:[t,, t,]— M which satisfy the variational condition
S(L(dy(1),1)dt=0,

for the fixed endpoint problem. Here, dy: [ty,t,]— TM denotes the differential
of y. Let us be explicit about what this variational condition means. Consider
a C! mapping

I:{—¢e]x[t, t J>M

such that I'(0, t)=y(1), for all te[t,,t,] and I'(s, ty)=7y(t,) and I(s, t,)=7v(t,) for
all se[ —¢, ¢]. The variational condition means that

:0,

s=0

d ar
a;jL(‘aT(s,t),t)dz

and this holds for every such I'. The best known result in the calculus of varia-
tions is that such a C' curve y satisfies the variational condition if and only
if it is C? and satisfies a certain second order differential equation, called the
Euler-Lagrange equation. If x=(x,, ..., x,) is & C® system of local coordinates
in an open set U, then the Euler-Lagrange equation has the well known form

d
ar br=le

where we use L, as a shorthand expression for the n-tuple (L,,, ..., L, ). It
follows from the positive definiteness condition that this equation defines a
(time dependent) vector field E=E; on TM with the property that a C' curve
y:[to,t,]— M satisfies the variational condition if and only if dy: [#y,t;]—> TM
is an integral curve of E. We will call E the Euler-Lagrange vector field on
TM associated to L.

By our assumption that L is C? and has superlinear growth, the Legendre
transformation associated to L is a C! diffeomorphism of TM onto T* M. More-
over, the Euler-Lagrange vector field corresponds, under the Legendre transfor-
mation, to a vector field on T*M given by Hamilton’s equation. It is easily
seen that this vector field is C* (see [7], p. 207) even though the Euler-Lagrange
vector field may be only C° Consequently, the fundamental existence and
uniqueness theorem of ordinary differential equations applies, i.e., for each initial
condition (&, t)e TM x R, there is an integral curve y of E satisfying the initial
condition y(ty)=¢&,. Moreover, there is a maximal such integral curve y:(a, b)
— TM, in the sense that if u:(a’,b’)— TM is any other integral curve of E
satisfying the initial condition u(ty)=¢&,, then toe(a’, b')<(a,b), and u is the
restriction of y to (@', b").

Now we state the fourth condition.

Completeness. Every maximal integral curve of E, has all of R as its domain
of definition.

For the study of dynamics, it is convenient to introduce a time independent
vector field E; on P=TM x (R/Z). This is definied by

E.(¢ 0)=(EL(1),0/00),
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if =t (mod 1). This is well defined in view of the periodicity of L (and therefore
of E;).

Completeness means that the flow @ =&, =@, associated to E, is defined
on all of PxR; it is the C* mapping @: P xR — P uniquely defined by the
conditions @| P x 0 =identity and

dd(p,0)/dt=E_(®(p,1),1),

for peP and teR. We call &, the Euler-Lagrange flow associated to L.

In this paper, we will obtain certain properties of the dynamics of @, , assum-
ing that L satisfies the conditions listed above. These generalize results previously
obtained by the author for twist maps. Our basic results are an existence theorem
and a regularity theorem for minimal measures. We state and prove the existence
theorem in § 2 and the regularity theorem in § 4. In § 5, we give an application
to the dynamics of a perturbation of a system which has an invariant torus.
In § 6, we discuss how certain results concerning twist diffeomorphisms follow
from the results obtained in §§ 2, 3, 4.

2 Minimal measures

Let P*=PUcw denote the one point compactification of P=TM x(R/Z). The
Euler-Lagrange flow &, extends to a flow on P* which fixes co. We continue
to denote this extended flow by @,. We let M, denote the set of @, -invariant
probability measures on P*. In this section, we will prove the existence of ele-
ments of M, which minimize various functions on IR, .

A basic result in functional analysis (the Riesz representation theorem) states
that the set of Borel probability measures on a compact metric space X is
a subset of the dual C(X)* of the Banach space C(X) of continuous functions
on X. (See Lanford [16] for a nice exposition of this and related results from
functional analysis which we will be using.) It is obviously a convex set and
it is well known to be metrizable and compact with respect to the weak topology
on C(X)* defined by C(X), also called the weak-* topology. The restriction
of this topology to the set of Borel measures is frequently called the vague
topology on measures.

Since P* is metrizable, as well as compact, it follows that the set of Borel
probability measures on P* is a metrizable, compact, convex subset of the dual
of the Banach space of continuous functions on P*. The set M, is obviously
a compact, convex subset of this set.

A result of Kryloff and Bogoliuboff [15] states that any flow ¥ on a compact
metric space X has an invariant measure. (See aiso [22, Chapt. VI, § 9]) For
the case we are considering, i.e. the Euler-Lagrange flow @, on P*, this result
tells us nothing, since oo is a fixed point, so the atomic measure supported
on oo is invariant.

Nonetheless, its proof will be useful to us, so we repeat it here. Let y, be
a trajectory of the flow ¥ defined on a time interval of length n and let u,
be the probability measure evenly distributed along y,. Clearly,

e o — || =28/
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Let u be a point of accumulation of u,, as n— oo, with respect to the vague
topology. For any continuous function u on X, any telR, and any ng,e>0,
there exists n=n, such that

[fuc¥dp—fuo¥dp,|<e, for s=0,r
It follows that

fuotdu—fudpu|£2e+|{uc ¥ du,—fudpy,l
S2e+ull | Fe ttn— ptall £26+ 28 |u|/n.

Since ny, may be taken arbitrarily large and ¢ arbitrarily small, it follows that
[fuc¥du—fudu =0,

1e., u is ¥Y-invariant.

This argument shows that any point of accumulation of the u,, as n— oo,
is a W-invariant measure.

We may apply this argument to the Euler-Lagrange flow &, to obtain invar-
iant measures other than the atomic measure supported at oo. Specifically, for
ueMM, , we define the average action of u as

A(w=fLdp,

where we set L(co)= 0. Since L is bounded below, this integral exists, although
it may be + co. We will prove the existence of ue, for which A (1) < co.
In fact, the existence of such a p follows almost immediately from the above

argument and a theorem of Tonelli which guarantees the existence of curves
b

v:[a, b] > M which minimize | L(dy(¢),?)dt subject to a fixed boundary condi-

tion. For our purposes it is useful to have a form of Tonelli’s theorem concerning
curves on a covering space of M. .

Let M be a covering space of M. If [a, b] is a finite interval and y: [a, b] - M
is an absolutely continuous curve, we define its action as

AQ)= [ Ldny(®), 1) dt,

where n: M — M denotes the projection. (In what follows, we will omit 7.) Since
y is absolutely continuous, dy(t) exists for almost all ¢, and is a measurable
function of t. Since L is bounded below, the above integral exists, although
it may be + co.

Tonelli’s theorem. Let a<beR and let x,, x,6 M. The action takes a finite mini-
mum value over the set of absolutely continuous curves y:[a,b] - M such that
(@) =x,, y(b)=x,.

For Tonelli’s theorem, it is enough to assume the hypotheses of positive definite-
ness and superlinear growth. However, Ball and Mizel [3] have shown that
if only these hypotheses are assumed, a (Tonelli) minimizer need not be C!.
On the other hand, the hypothesis of completeness guarantees that the mini-
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mizers are C' and therefore satisfy the Euler-Langrange equation. We will
explain why this is so shortly.

The proof of Tonelli’s theorem is based on a lower semi-continuity property
of the action. We will also state below an addendum to the lower semi-continuity
property which will be useful later.

For this we need to introduce a couple of metrics on the space of absolutely
continuous curves in M. We choose, once and for all, a C* Riemannian metric
on M. This gives rise, in a canonical way, to a Riemannian metric on TM:
if £e TM, then the Riemannian connection on M gives rise to a direct sum
splitting T,(TM)=T ., M@ T, M, where x is the projection of £ on M. Here,
the first summand is the tangent space at ¢ to the fiber over x of the projection
TM — M and the second summand is the image of the linear mapping T, M
— T;(TM) given by the Riemannian connection. We provide TM with the unique
Riemannian metric for which the summands are orthogonal and the restriction
of the metric to each summand is the inner product given by the Riemannian
metric on M. Given yq,7;: [a,b] = M, we set

do(g,71)=sup{dist(yo(t), y,(t)): te[a,b]}

b
dac(yo,71)= f dist(dyo(t), dy (1) dt.

In the first formula “dist” means the distance function defined by the Rieman-
nian metric on M; in the second formula, it means the distance function defined
by the Riemannian metric on TM.

Clearly, d, is a metric on the space C°([a,b], M) of continuous curves
La, b] = M its underlying topology is what is variously called the uniform topol-
ogy, the compact-open topology, or the C°-topology. Likewise, d,. is a metric
on the space space C*([a, b], M) of absolutely continuous curves [a,b] — M;
we will call its underlying topology the C**-topology.

Note that changing the Riemannian metric on M changes d, and d,, only
within their equivalence classes, i.. there exists a constant C such that

C ldo< do=Cd,
C_ldacéd;c§Cdaca

where dj, and d,, are the new metrics.
Tonelli’s theorem follows immediately from:

Lemma. Let KeR. The set {I)AgK}, consisting of all ye C*“([a, b], M) for which
A(Y) =K, is compact in the C°-topology.

To obtain Tonelli’s theorem from this lemma, we remark that it is obvious
that the set S of absolutely continuous curves y: [a, b] > M such that A(y)<K,
y(a)=x,, and y(b)=1x, is non-empty for large enough K. As K decreases, Sg
decreases. It follows easily from the lemma that these sets are compact; conse-
quently, there is a smallest one. Any member of the smallest one is a (Tonelli)
minimizer.

The lemma is a semi-continuity result: it implies that if y,, y,, ... is a sequence
in C*([a,b], M) which converges C° to y, then yeC*([a,b], M) and A(y)
£lim inf A(y;). The following addendum to this lemma will be useful later.
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Addendum. If y,,y,, ... is a sequence in C*([a,b], M) which converges C° to
v and A(y;) converges to A(y), then y{,v,, ... converges in the C° — topology
toy.

We will prove the lemma and its addendum in Appendix 1.

In addition to Tonelli’s theorem, we need the more ancient result due to
Weierstrass that sufficiently short solutions of the Euler-Lagrange equation are
strict minimizers, i.e. any sufficiently short solution has the property that it
not only minimizes the action subject to the boundary conditions, but it is
the unique curve to do so.

Theorem. (Weierstrass). For any K>0, there exist ¢, Co, C >0, such that if
a<b=Za+e,andy:[a,b] > M is a solution of the Euler-Lagrange equation satisfy-
ing I|dy(t)| £K, for all te[a, b], then

A1) ZAG)+F(da (7, 71)

for any absolutely continuous curve y,:[a,b]— M such that y,(a)=7y(a) and
71(b)=7(b). Here,

F(t)zmln(Co tz, CI [).

Moreover, still assuming b—a<e, we have that for any x,,x,eM such that
dist(x,, x;) < K(b—a)/2, there exists a solution y of the Euler-Lagrange equation
satisfying y(a)=x,, y(b}=x,, and ||dy(t)|| £ K, for all te[a, b].

We sketch a proof in Appendix 2.

Now let y:[a,b]— M be a minimizer. Let te[a, b]. We have one of the
following two alternatives:

1) dist(y(s), y(t))/]t—s|—>o0 as s—t, and |dy(s)|]| - o0 as s—t over the set
of points where dy(s) exists, or

2) yis C‘. and satisfies the Euler-Lagrange equation in a neighborhood of
L.

For, if dist(y(s), y(2))/|t—s| does not tend to oo as s—¢, then there exists
K>0, and a<t<b with b—a arbitrarily small, such that dist(y(a),
v(b)=< K(b—a)/2. By Weierstrass’s theorem, there exists a solution y, of the
Euler-Lagrange equation with y,(a)=v(a), y(b)=y(b), and 7y, is a strict mini-
mizer. Since y is a minimizer, it follows that y,(¢)=y(f) for a<t<b, and we
have the second alternative.

Also, if |dy(s)| has a finite point of accumulation as s—¢, then dy(s) has
a point veT,,) M of accumulation as s—t. Let s;—t and dy(s;) »v. By the
existence theorem for ordinary differential equations, there exists >0 and for
eauh i a solution y;:[s;—&,s;+]—>M of the Euler-Lagrange equation such
that dy;(s)=dy(s;). By choosing i large enough, we may suppose that te[s;
—0d,s;+ 6] There is a maximal interval containing s, on which y; and y coincide.
By what we showed in the previous paragraph, this interval is open in [5;— 9,
5;+0]. By continuity, it is closed in [s;—d,s;+6]. Therefore, y=7y; on [s;— 9,
5;+d], so we again have the second alternative.

For all this, we need only suppose positive definiteness and superlinear
growth of L. Now, if we add the hypothesis of completeness of the Euler-
Lagrange flow, we see that we cannot have the first alternative; specifically,
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we cannot have that ||dy(s)]| —o0 as s—t over the set of points where dy(s)
exists. Consequently, any minimizer is a solution of the Euler-Lagrange equation.
Now we prove a preliminary result:

Proposition. There exists peIR,; such that A(u) < co.

Proof. Let a, be an absolute mimimizer (i.e. with free boundaries) defined on
a time interval of length n. Let v,(t)=(d,(t), t). By what we have just shown,
. is & trajectory of the Euler-Lagrange flow. Let u, be the probability measure
evenly distributed along y,. Let u be a (vague) point of accumulation of u,
as n—c0. Our previous argument shows that u is @, -invariant.

Clearly, there exists C>0 and for each n a C! curve B, defined on a time
interval of length n such that 4(j,) < Cn. Hence,

Ap)=n""A(m)Sn" TAB)SC.

Therefore, it will be enough to show that A(u)<C. But this is an immediate
consequence of the following:

Lemma. A(u)={Ldy is a lower semi-continuous function on the set of probability
measures on P*, provided with the vague topology.

Proof. Let AK(y)=_[min(L, K)dy, for KelR. Then Ay is continuous, and AxTA
as Kfoo. [

The lemma has the following immediate consequence: there exists ue, which
minimizes 4 over IN; .

Next, we define the rotation vector p(u) of a ¢;-invariant probability measure
u: Let A be a C* 1-form on M. We may regard A as a mapping TM - R
which is linear on the fibers. We will continue to denote the composition of
this mapping with the projection P=TM x (R/Z) - TM by the same symbol.
If u is a Borel probability measure on P such that {Ldu<co, then AeL'(u),
since L has fiberwise superlinear growth.

Lemma. If A is exact and p is @ -invariant, then [Ad p=0.

Proof. Let A=du, where u is a C* function on M. Let ve TM, 0eR/Z, seR
and let v, denote the TM component of & (v, 8)e TM x (R/Z), where ¢ (as usual)
denotes the Euler-Lagrange flow. Then A{vy) =v,-u (i.e. the directional derivative
of u in the direction v)=du(nvy)/ds, where n: TM — M denotes the projection.
This last equation follows from d(nv,)/ds=uv,, which is a consequence of the
definition of the Euler-Lagrange flow. Hence

T T
fAdp=T""[dsfAd¥du=T"" [ds{(l-P)dpu
0 0

=771 desH(vs)du(v)=T_1 j"Tdsf(du(nvs)/ds)du(u)
0 0
=T ' [[u(rvp)—u(nv)] du(v)>0, as T-oo0.

Since {Adp is independentl of T, we obtain [Adu=0. ]
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Corollary. If p is @ -invariant, there exists p(u)e H, (M, R) such that

AL p(w>=[Adpy,

for every closed 1-form 1 on M, where [1] denotes the de Rham cohomology
class of 4, and {,) denotes the canonical pairing between cohomology and homolo-
gy. QO

Thus, to every peM, such that A(u)< oo, we have associated p(uw)e H,(M,R).
This is called the rotation vector of u. It is similar to the rotation vector defined
by Schwartzman [26].

If ce H'(M,R), we set

AW=AW—<e,p(w)y=f(L—A)dp,

where 4 is a closed 1-form on M such that [A]J=c. This is defined for any
ueI,, such that 4(u)< co. We extend it to the case A(u)= oo, by setting A.(u)
= 00, in this case.

Note that L— A satisfies the conditions we have imposed in § 1 on L and
that the Fuler-Lagrange flow of L— 4 is the same as that of L. The last point
may be seen by observing that the variational equations 6f{Ldt=0 and
8[(L--2)dt=0 for the fixed endpoint problem clearly have the same solutions,
since A is closed.

Consequently, A4, is lower semi-continuous (for the same reason A4 is). There-
fore A, takes a minimum value, which we denote by —a{c).

It is easily verified that a(c) is a convex function on H*(M,R), in the sense
that its epigraph {(c, z): z2 «(c)} is a convex subset of H' (M, R).

Let a*: H,(M,IR)> R denote the conjugate function of « in the sense of
convex analysis, L.e.

_a*(h):min{oc(c)— <C> h>}7

where ¢ ranges over H'(M, R). Clearly, o* takes values in Ru {+ c0}; we will
prove in a moment that it takes its values in IR.

It follows from the definitions that if ueIk; and A(u)<oo, then o*(p(w))
< A{p), i.e. a*(h) is a lower bound for invariant probability measures of rotation
vector k. Thus, to prove that o* takes its values in IR, it is enough to prove
that for every heH,(M,R) there is an invariant probability measure p with
A(u) < oo of rotation vector h. First, we prove a technical result:

Lemma. If CeR and A is a 1-form on M, then the mapping p —»Hdu is a continu-
ous function on the set of probability measures p on P* such that {Ldp<C.

Proof. Let ¢>0. Since L has superlinear growth, there is a continuous function
4, on P* such that |A—4,|<e(C+ B)™'(L+ B) everywhere on P*, where —B
is a lower bound for L. Then

[li=A)dp<e(C+B) J(L+B)dpse,

for every probability measure y such that {Ldu<C. Since 4, is a continuous
function on P*, ,u—+j'/1£d u is continuous (with respect to the vague topology).
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We have shown that p— {Adu may be uniformly approximated by continuous
functions on the set of probability measures u for which [Ldu<C. Hence,
it is continuous on that set. [

Proposition. Let he H, (M, R). There exists peMM, with A(p) < oo and p(u)=h.

Proof. This time, we apply Tonelli’s theorem, not on M, but on the covering
space M of M defined by n,(M)=ker(H:n,(M)— H,(M,R)). Here $ denotes
the Hurewicz homomorphism. The group of Deck transformations of this cover-
ing space is

H=im(9:n,{M)-> H,(M,R)).

Let T, ..., T, be a sequence of Deck transformations such that

n'T,—»heH,(M,R), as n-+oo.

Let %oe M. Let X,=T,%,. Let &,:[0,n] - M minimize jL(da,,(t), t)dt subject
]

to the boundary conditions &,(0)=X, and &,(n)=X,, where «, is the projection
of &, on M. As before, let y,(t)=(da,(t), t mod 1). Note that &, exists by Tonelli’s
theorem and is C! by the completeness hypothesis.

Now we proceed just as before: we let u, denote the probability measure
evenly distributed along vy, and we let 4 be a point of accumulation of g, as
n—o0. Just as before, there exists C such that de 1, = C for all n, and hence
A(u)szd 1= C, by the lower semi-continuity of A. From the specification of
the endpoints of &,, it follows that Hd u,=<[A],n ' T,>. By the lemma, we
may pass to the limit: {Adp=<[4], h), and hence p(u)=h. [J

Corollary. a* is finite everywhere on H,(M,IR). [

Now we recall the basic results of convex analysis [23]: A function f on a
finite dimensional vector space with values in R U {0} is said to be convex
if its epigraph is convex. We may define its conjugate as before. Such a function
is said to have superlinear growth if f(x)/||x|| =+ as ||x|—oc0. It is easy
to see that f is everywhere finite if and only if f* has superlinear growth and
[* is everywhere finite if and only if f has superlinear growth. The epigraph
of f** is the closure of the epigraph of f.

In our case « and a* are everywhere finite, so both have superlinear growth
and o** =q.

Let EcH,(M,IR)xR denote the set of all pairs (p(y), z) such that peM,
and A(u)Zz. Since L has a lower bound, the projection of E on IR has the
same lower bound. Obviously, E is convex.

Note that g — p(u) is continuous on {ueM; : A(u)< C}, by the previous lem-
ma. Since 9, is compact, and A is lower semi-continuous, it follows easily
that E is closed. Since E is closed, convex, and bounded below, it is the epigraph
of a convex function : H, (M, R)—>IR. It follows directly from the definitions
that « = f*. By duality f=a*.

From the above discussion, we obtain:

Theorem 1. The functions o: HY(M,R)—> R and B: H,(M,R) - R are conjugate
convex functions and have superlinear growth. For he H, (M, R), we have

B(h)=min{A(u): ueM; and p(u)=h}.
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For ce H' (M, R), we have

—ofc)=min{A(p): ueM,}. O

Note that in both formulas the minimum is achieved because E is closed.

Note that if ueM,;, A(w)=p(p(w) if and only if there exists ce H'(M,R)
such that y minimizes A_(u). Moreover, ¢ is the subderivative of § at p(u),
i.e. the slope of a supporting hyperplane of the epigraph of f at p(y). We say
that u is a minimal measure if either of these equivalent conditions is satisfied.

We conclude this section with a few words concerning the significance of
these results.

The only invariant probability measures which have significance for dynam-
ics are the ergodic measures. These are defined by the condition that every
invariant Borel set should have measure 0 or 1. It is well known that the extremal
points of M, are the ergodic measures for the flow @; on P*. (More generally,
for any flow on a compact metric space, the invariant measures form a compact,
convex set with respect to the vague topology and the ergodic measures are
the extremal points of this set. See [15], [16], or [22, Chapt. VI, § 9].)

Since  has superlinear growth, its epigraph has infinitely many extremal
points. Let (h, B(h)) denote an extremal point of the epigraph of . The extremal
points of the set of ueM, for which p(u)=h and A(u)= f(h) are ergodic measures,
since they are extremal points of 9t,. Since this set is compact and convex
it has extremal points. In other words, we have shown that if (h, (h)) is an
extremal point of the epigraph of f, then there exists at least one ergodic minimal
measure with rotation vector A.

For such an ergodic measure g, i.e. one with p(u)=h and A(u)=p(h), Birk-
hoff’s ergodic theorem implies that u almost every trajectory y of @, has rotation
vector h, i.e.

T
Jim o | 26@)di= (02 p (0.

for every closed 1-form A on M (where, as before, we think of 4 as a function
from P to R).

3 Minimizers and minimal measures

Let M be the covering space of M defined by =, (M)=ker $, where $: 1 (M)
- H, (M, R) is the Hurewicz homomorphism. In this section, we consider mini-

mizers on M, ie. curves (:[a,b]— M which minimize the action A({)
b

= jL(d {(1),t)dt, over the class of absolutely continuous curves having the same

endpoints. Here, and subsequently, we will denote the pull-back to M of a
function (such as L) or a form on M by the same symbol. We will describe
certain relations between minimizers on M and minimal measures on M.

Let hy, ..., h be a free basis of the group H=im(n,(M)— H,(M,R)) of
Deck transformations of M over M and let 1,, ..., 4, be closed 1-forms on
M, whose cohomology classes [4.], ..., [4] are the dual basis of H'(M,R).
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If x,yeM and {:[a,b]>M is a C' curve connecting x to y, we define the
difference vector y—xe H,(M,R) by

A, y=x)>= [ 4dL(@) dt

and the rotation vector

p(O)=(—x)/(b—a).

Obviously, the difference vector y— x is independent of the choice of {. Of course,
these are not intrinsic notions: they depend on the choice of 1-forms 4,, ..., 4,.

Proposition 1 Consider a sequence {;:[a;,b;] - M, i=1,2, ... of minimizers. Sup-
pose that p({)—>heH (M,R), and b,—a;—~0c0, as i—»>o0. Then A)/(b;—a;)
= fB(h), as i > 0.

Recall that by Theorem 1, f(h)= A (u) for any minimal measure p-such that
p(w)=h.

Proof. First, suppose that lim inf A((;)/(b;—a;)<f(h). Let n: M - M denote the
projection. Let y,(t)=(dn{,(t),t mod 1) so that y,:[a;, b;]— P is a trajectory of
the Euler-Lagrange flow. Let y; be the probability measure evenly distributed
along y;. By passing to a subsequence, we may suppose that the sequence
Uy Mo, ... converges vaguely to a probability measure u and A(u;)=A4()/(b;—a)
converges to a number < f(h).

By a lemma proved in the last section, p is continuous on sets where A
is bounded. Consequently, p(u)=1im p(y;)=1im p(y,)=h. By the semi-continuity
of A, also proved in the last section, we have that

A(p) =lim A () <B(h),

which is impossible since f(h) is the minimum of A(u) for measures for which
p{u)=h. This contradiction shows that lim inf A({,)/(b;—a;) = B(h).

Since f has superlinear growth, any point of the epigraph of f may be
expressed as a convex combination of extremal points of the epigraph. In particu-
lar, there exist hy, ..., e H, (M, R) such that (h;, B(h;)) are extremal points of
the epigraph of B, for i=1, ..., k, and 1,, ..., 1,>0, X1;=1 such that h=21;h;,
B(h)=Z1; B(h). '

Since the (h;, B(h;)) are extremal points of the epigraph of f, there exist
ergodic probability measures uy, ..., , such that p(u)=h; and A(u;)=pB(h)).
Since A(u;)< oo, we have Le L' (u)) and 4,, ..., 4,eL'(u;). Consequently, we may
apply Birkhoff’s ergodic theorem to these functions. Let y; be a trajectory of
the Euler-Lagrange flow and let y] =y,|[[ — T, T]. According to Birkhoff’s ergodic
theorem,

AGD2T— A, p(o]) = p (),

as T- oo, for u-almost every trajectory y;. For the subsequent discussion, we
choose one such trajectory, for each j=1, ..., k. Let ; be a lift to M of the
projection of y; on M.
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For each sufficiently large i, we choose
a;<a;, <b;;<a,<bi,<.. <ay<by<b;.

We choose them so that (b;;+4;,)/2 is an integer. We set T;;=(b;;—a;;)/2. We
let &;; [a,J,b”]HM have the form & (0)=D;;¢; (t+(b,,+a”)/2), where D;;

a Deck transformation of M over M, chosen to satisfy certain properties Wthh
will be stated below. We let x;;, y; JeM be the endpoints of &;;.

We construct &¥:[a;, b;] > M in the following way. We join £;(a;) to x4
by a minimizer, x;, to y;; by &, y;; to x;, by a minimizer, and so on, thus
filling in the intervals [a;;, b;;] by the &;; and filling in the complementary inter-
vals by minimizers.

We assert that we may make this construction in such a way that (b,
—a;)"VA(EF) = B(h), as i—o0. Since {; is a minimizer, we have A({)< A(EH).
Since we have already proved that lim inf A({,)/(b; —a;)= B(h), this will show
that lim A ({))/(b;— a;)= B(h), which is what was to be proved.

To achieve llm( -~a,)“ A(E¥)=B(h), we make the choices so that b;;—a;;
=1; T;, for some number T;. Since 21;=1, we have that T;<b,—a;. We make
the choices so that T;/(b; — l-)—»l, as i -—>oo, but so that the rate of convergence
is slower than the rate of convergence of p(y]#) to p(u;) and the rate of conver-
gence of p({;) to h. By making an appropriate choice of the Deck transformations

D;; above, and placing the intervals [a;;, b;;] appropriately in [a, b], subject
to the above restrictions, we may then arrange that | x; ;. —y;;1/(a; ;41— b;))
is bounded independently of i and j, where we set b;o=a;, y;o =&;(a;), 4 p+1=b;,
X;, k“—f-(b) and | | denotes a norm on H,(M,R) which is fixed, once and
for all. It is possible to make these choices because h=X7;hj=27; p(u;), and
the convergence of p(y7) to p(y;) and of p({) to h is faster than the convergence
of T,/(b;~a;) to 1.

If we make the choices in this way, we have lim(b;,—a;)” ' A({¥)= B(h). For,
the integral of L over the intervals [g; 1o bi b;;] makes a negligible contribution
to (b;—a;)~ ' A((F), in the limit. Since 4 (y])/2 T—»A(y,) the limit of the contribu-
tion of the integral of L over the other intervals is

ZTjA(llj)=ETjﬁ(hj):ﬁ(h)' g

Corollary. For every K, >0, there exists T>0 such that if {:[a,b]—>M is a
minimizer, then

b—a)” A - Bl <e,
if lp@QI=Kand b—azT. [

We will say that a curve {:IR— M is a minimizer if its restriction to each finite
interval is a minimizer, i.e. it minimizes the action subject to a fixed endpoint
condition. For simplicity, we will also say that the associated trajectory
y(t)= (dC (t),t) of the Euler-Lagrange flow is a minimizer. Finally, a curve on
M or in P will be said to be an M-minimizer if the lift of it to M or TM x (R/Z)
is a minimizer.

Let {:R - M be a C! curve and let y(t)=(d{(t),t mod 1). Let u be a (Borel)
probability measure on P*. We will say that u is a limit measure of { (or of
y or of a lift T of { to the cover M) if there is a sequence [a;, b;], i=1,2, ...
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of closed intervals in R with b;—q; tending to oo, such that p; tends vaguely
to u, where y; is the probability measure evenly distributed along v|[a;, b;].
The set of limit measures of such a curve is obviously compact.

Proposition 2 Let {:IR - M be a minimizer and suppose that

liminf | {(b)—{(a)ll/(b—a)<c0.

b +w,a—w

Then there exists ce H' (M, R) such that every limit measure of { minimizes A..

Here, {(b)—{(a)e H, (M, R) denotes the difference vector of {(b) and {(a), defined
above.

The growth condition on { may alternatively be formulated in terms of
the Riemannian metric we imposed on M. We may lift this Riemannian metric
to M and use the lifted metric to define a distance function on M. Obviously,
there exists a constant C such that ||y—x| <C dist(x, y), for all x, yeM and
dist(x, y)< C | x—y]|, for all x, ye M for which dist(x, )= C. Thus, the growth
condition is equivalent to lim inf dist({(a), {(b)/b—a) < 0.

For the proof of Proposition 2, we need:

Lemma. For every K >0, there exists K'>K, such that if {:[a,b]— M is a mini-
mizer and dist({(a), {(h))/(b—a)ZK, then for aga <a'+1Zb <b, we have dis-
(@), LN —a)<K".

Proof. For simplicity, we assume that the Lagrangian L is non-negative. There
is no loss of generality in assuming this, since we may always add a positive
constant to L, without changing its minimizers.

For every K >0, there exist non-negative numbers CEi®, C%** such that

CRPK<AQ/(b-a)<CR*K

for any minimizer {:[a, b] - M such that dist({(a), {(b))/(b—a)=K. Moreover,
both Cg™ and CE*™* may be taken to be increasing functions of K which tend
to oo as K goes to oo. The fact that C¥™ may be so chosen is a consequence
of the superlinear growth of L.

Let K be as given in the statement of the lemma. Choose K" so that
100 Cp** < CP*. Choose K" so that 100 CT3% .. < C2%. Choose K'= K" so that
100(K""/K") C®** < CPin, We assert that K’ satisfies the conclusion of the lemma.

Suppose otherwise. Then [a,b] contains a subinterval [a’,b’] of length 1
such that dist({(a"), { (")) > K'. Note that b—a=100(K"’/K"), because otherwise
the estimate 100(K"'/K") CR**<CP™ shows that { is not a minimizer. (Here,
we use the assumption that L =0 and the fact that K K"<K" <£K') Let b”
be the smallest number >a’ such that dist({(a), {(b"))=K"". Suppose the mid-
point of [a',b"] is to the left of the midpoint of [a,b]. (The other case may
be treated similarly.) Chop up [b", b] into intervals [c;, d;] of length 2K"'/K"
(with possibly a piece left over). There are at least 24 of them. Since 100CP**
S CRin, we have dist({(c), {(d))/(d;—c)S K" on at least one of these intervals
(otherwise { would not be a minimizer). Let {c, d] denote this interval.

Let n be the integer most closely approximating (K’/K"). Let {* be { on
fa,a'1U[d,b]. Let {*|[b" +n, c+n] be the translate (by n in the time coordinate)
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of {|[b”, c]. Let {*{[a, b" + n] be the minimizer joining {(a’) and {(b"). Let {*|[c
+n,d] be the minimizer joining {(c) and {(d). Then

A — A =ACI[d, b"Juc, d])—A*|[a, b" +n]Uc+n,d])
>Cmin K74 Cmax L K0,

This contradicts the assumption that { is a minimizer. []

Proof of Proposition2 Let %, <cH, (M,R) xR denote the convex hull of the
set of pairs (p(u), A(w), where u is a limit measure of {. The existence of ¢
such that every limit measure of { mimimizes A, is easily seen to be equivalent
to the statement that 2, < graph f.

Now we prove that X cgraph f, by contradiction. Otherwise, there would
exist (h,z)eX, with z>f(h). Consequently, there would exist limit measures
His -y iy Of { and numbers 7, >0, ..., 1, >0 such that Z¢,=1,

2t p(p)=h, and 2t A(w)=z.

Let e=(z—p(h))/10. Choose >0 and T, =1 so that if (*:[a*,b*]>M is a
minimizer, then

I(b* —a*) "L A% - Bh)] <e,

if |[p((*)—h||£20 and b*—a*=T,. Such a choice is possible by the corollary
to Proposition 1. Let M, be a relatively compact fundamental domain of the
group H of Deck transformations of M. Let A=sup{|y—x|:x,yeM,}. Let
Tzmax(T;,24/0).

For each i=1, ..., k, we choose an infinite sequence of mutually disjoint
intervals I;;=[a;;,b;;],j=1,2, ... such that b;;—a;; is an integral multiple of
T,b;;—a;;— 00, as j —o0, and y;;— ;, as j —» oo, where y;; denotes the probability
measure  evenly  distributed along  y|I;;. (As  before, we set
y(t)=(dn{(t), t mod 1), where = is the projection of M on M.)

From the lemma, it follows that lim sup |[{(b)— {(a)||/(b— @) < 0. Then, using

b—a->+
the minimality of {, we see that lim sup A(u,;;)<oo. Since p is continuous on
j_‘EX)
sets where A is bounded, it follows that p(y;;) —» p(n,), as j — co. From the lower
semi-continuity of 4, it follows that lim inf A (u;;) = A (w,).
J o

Now we consider the partition {I;;,}, of I;; into intervals of length T.
Obviously, the mean value of the p(I;;,) is p(I;). Since p{(u;) - p(u;), as j— o0,
and h is a convex combination of the p(u,), it follows that it is possible to
choose a finite subcollection {Js}5-,, _ y of the family {I,;,} ;. of intervals such
that |A'—h| <8, where i’ is the mean value of the p((|J;). In addition, it is
possible to make this choice so that the mean value of A({|J)/T is Zz—e¢,
since lim inf A(y;;)= A(p;) and (h,z) is a convex linear combination of the
(o (1), A(p:))-

Let cz<d; denote the endpoints of J; and suppose that the intervals J;
are indexed in increasing order, so that dy<cg.,. We construct a new curve
(*:R->M, as follows: We let (*|(—oo,ci]uldy, +0)={|(—00,c;]uldy,
+ o). We let {*|[dg, cp11=Dy LIl dp, cps 1], where Dy is a suitably chosen Deck
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transformation of M over M. We let {*|[c4, d;] be a minimizer joining Dy ; {(c;)
to Dg {(dg), where we set Dy = Dy =identity.
We choose the Deck transformations so that

g
hr~! Z (Dy (da) = Dy {(e)]— B <6/2.

It is possible to choose the Dg, 1 <B<N—1, inductively, so that this holds,
since T'224/5. It follows that

1T~ [Dy{{dp)— Dy Llep] —h']| <0.

N
We have {(dy)—((c)=p*+T Y p({|J)=p*+ TNk, where

a=1

N-1 N-1
= Z {eor ) —{(dy)= Z D, {(c,+1)—D, {(dy).

N-1
Moreover Dy_ {(cx)~L(c)=p*+ Y [D,{(d)— Dy {(c,)], so we obtain

a=1

IT7'[{(dy)—Dy— 1 {(en)] =M [ £8/2.
Since T=T,; and [ —h| <6, we have |[(d,—c,)” ' A({*|[c,, d.)) — B(h) <&, s0 we
N—-1
obtain A((*|[c;,dy])SA*+ TN (B(h)+e), where A*= > A(l|[d,,c,+,]). But

a=1
A(l[ey,dy])= A* + TN (z —¢) since the mean value of the A({|J)/T is Zz—e.
Hence A *[[c‘, dN])<A(C {[c¢,dx]) and we have a contradiction to the assump-
tion that { is a minimizer. [

Consider ce H'(M,R). We will denote by M, the set of invariant probability
measures ¢ which minimize 4, over 9. Clearly, M, is a compact, convex
set, and its extremal points are ergodic measures. By the support supp M, of
9., we mean the set of xeP such that every neighborhood of x has positive
u-measure for some pedi..

Propesition 3 For any ce H' (M, R), every trajectory of the Euler-Lagrange flow
in supp M, is an M-minimizer.

Proof. Let y: R —P be a trajectory in supp M,. If y is not an M-minimizer,
then there is a finite interval [a, b] such that y|[a, b] is not an M-minimizer.
Let N be a small neighborhood of y(a). Since y(a)esupp M., there exists uei,
such that supp un N#9. In fact, u can be taken to be an extremal point of
.. Then u is ergodic. Let y, be a trajectory in supp u such that the proportion
of time it spends in N is p(N) and Tlim 2T YAy, [T, T])=A(w). Such a

trajectory exists by Birkhoff's ergodic theorem. Then there are intervals
[a;,b;],i€Z with a—a,eZ, b—b;eZ, b;—a;=b~—a, b;<a;,, and lim supi™'q;
i+t

< o0, such that y,(a)eN. By choosing N small enough we may suppose that
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v, |[a;, b] is as close as we wish to y|[a, b]. Since y|[a, b] is not an M minimizer,
neither will y,|[a;, b;] be an M minimizer, if the latter is close enough to the
former. In fact, there will exist ¢>0 such that for each i, there exists {¥*:[a;, b;]
— M satisfying A({F) < A(ny|[a;, b;])—& where n: P— M denotes the projection,
and T*(a 2)=my(a), T*(b) = ny1(by), for appropriate lifts Z* and my, of {¥ and
ny, to M. We construct a curve (*:R - M by (*|[a;, b]=C* and J*|[b;, a;1,]
hn?1|[bl’al+1] ~

Then limsup(2T) 'AC*|[-T, T)< A(u)—e/y, where n=Ilimsupi 'a;.

T—ow i»tow

Moreover, }im p(T*[—T, TY)=p). Let {;:[— T, T1— M be a minimizer with

the same endpoints as C*. Let (, be the projection of {, on M. Let y,:
[— 7, T}—P be defined by yr(t)=(d{,(t),t mod 1). Let u, be the probability
measure evenly distributed along y,. Let u* be an accumulation point of ur
as T—o0. Obviously,

pwH=p), AWH=AW—en.

Thus, we obtain a contradiction to the assumption that ue%i,. []

4 The Lipschitz property

Let ce H' (M, IR). Recall that 9R, denotes the set of d-invariant probability mea-
sures which minimize A.. In this section, we prove a couple of properties of
the subset supp M. of P. The Lipschitz property stated in Theorem 2 below
is the main result of this paper.

Proposition 4 supp M, is compact.
For the proof, we need the following:

Remark. The conclusion of the lemma used in the proof of Proposition 2 is
valid for a<a' <b'£b, if b—a=1. In other words, we may drop the condition
b—dz=l.

To show this, we have to use the hypothesis of completeness of the Euler-
Lagrange flow. Without this hypothesis, the examples of Ball and Mizel [3]
would contradict this remark.

To prove the remark, we argue by contradiction. For, otherwise, there would
exist a sequence (;:[a;,b;]—M, i=1,2,... of minimizers satisfying
dist({;(ay), {;(b))/(b;—a)= K and c;e[a;, b;] such that |d{(c;)]|—>o0, as i—oc0.
Using the periodicity of L, we may assume that ¢;€[0, 1). Passing to a subse-
quence, we may suppose that ¢, c,, ... converges to ce[0, 1]. Translating each
{; by a Deck transformation and passing to a subsequence, we may suppose
that {;(c;) converges to a point xe M, as i —»oo. For each i, we choose an interval
[@;,a;+1] in [a;, b;] which contains ¢;. We may suppose that a; converges to
acR. By the lemma used in the proof of Proposition 2, there exists K’ such
that dist({;{a}), {;(a}+ 1)< K’ for all i. Since each {; is a minimizer there exists
an upper bound on A((;|[d},d;+1]), independent of i. Let n: M— M denote
the projection. It follows from the lemma used to prove Tonelli’s theorem that
the sequence of curves n;|[a}, a:+ 1] has a subsequence which is C° convergent.
Let n{ denote the limit, where { maps [a, a+ 1] into M and {(c)=x=lim {;(c;).
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Since { is a limit of minimizers, it is a minimizer. By the semi-continuity
property of A, we have A({)<lim inf A({;). Moreover, we cannot have A({)
<lim sup A({;), since this would contradict the fact that the (s are minimizers.
Hence, A({)=1lim A({;). By the addendum to the lemma used to prove Tonelli’s
theorem, it therefore follows that y; converges to y in the C*“-topology.

From this, we may deduce that { cannot be C! at c¢. For, otherwise, there
would be a small interval J containing ¢ and K >0 such that |d{(t)| £K, for
all teJ. Since t—>(dny(t),t mod 1) is a trajectory of the Euler-Lagrange flow,
there would exist K'>2 K and 4 >0 such that {|d{;(c;)|| = K’ implies |d{;(0)| 22K
when |t—c;|<d. We may assume J has length <4; then ||d{;(t)| 22K but
1d¢(t)| =K, for all teJ, contrary to the fact that n{; converges to n{ with
respect to the metric d,.. This contradiction shows that { cannot be C! at
c. But, we have already shown that the hypothesis of completeness implies that
any minimizer is C'. This contradiction proves the remark. []

Proof of Proposition4 Since supp M, is a closed subset of P by definition,
it is enough to show that there exists K’ such that (£, f)esupp M, = TM x (R/Z)
implies {|£| =K'. Since f: H{(M,R)—IR has superlinear growth, there exists
K such that [[p(p)| <K, for all ueIR,. Let u be an extremal point of M, (so
it is an ergodic measure). Let y be generic, in the sense of Birkhoffs ergodic
theorem, for y, so if {: R — M is a corresponding minimizer, then

lim J{(B)—L@I/b—a)=lpWI =K,

a—-—w,b-

on K, so that || dy({t}| < K’ for all teIR. But the union of the set of such trajectories
is dense in supp M,. Thus, we have | £|| £ K, for all (&, O)esupp .. [

Now we come to the main result: We let n: P=TM x (R/Z)— M x (R/Z) denote
the projection and we denote the restriction of = to supp I, by the same symbol.

Theorem 2 n: supp M, > M x (R/Z) is injective. Its inverse (considered as a map-
ping from w(supp M) is Lipschitz, ie. there exists a constant C such that for
any x, yen(supp IM.), we have

dist(z = (x), n "Ly = C dist(x, y).

As usual, distance is measured with respect to smooth Riemannian metrics.
Since M is compact and supp I, is a compact subset of P, it doesn’t matter
which Riemannian metrics we choose to measure distancg.

The proof is based on the following:

Lemma. If K>0, then there exist ¢, 8, n, C>0 such that if a, B:[to—¢, to+e] > M
are solutions of the Euler-Lagrange equation with |da(ty)l, dB{te)] SK,
dist{a(ty), B(to)) =0, and dist(da(ty), dB(to))=C dist(a(ty), B(ty)), then there exist
C! curves a, b:[ty—é&, to+€] — M such that a(ty~—e)=o(ty— &), alty+ &)= B(to + &),
b(to—e)=PB(ty—¢), b(to+e)=alty+¢), and

A@+A(B)— Ala)— A(b) 2y dist(da(t,), d B(to))*.

Proof. We may choose a cover of M by a finite family (U7, x’) of smooth coordi-
nate charts and for each j choose a compact subset 2/ c U’ such that the family
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of X¥s still covers M. We may make these choices so that for each j, x/(UY)
is a convex subset of R™, where m=dim M. We choose positive numbers d,> 9,
and g, such that the closed &, neighborhood X*' of X/ is in U’ and such that
if o:[to— &9, to+&0] = M is a minimizer with dist(a(t,), 2)) <3, and ||da(t)| <K,
then a([to—&g, to+Eo]) = 2%,

We will choose positive numbers 6 <6, and e¢=<e,. Thus, if o, f are two
minimizers which satisfy the hypotheses of the lemma, we may choose j such
that «(to)e2’/. Then B(t,) is in the §, neighborhood of 37, so the images of
both o and 8 are in Z*.

From now on, we consider only this coordinate neighborhood and drop
the index j. Sums and scalar products will be taken with respect to the system
of coordinates given in this neighborhood. It will be clear that we can form
all the sums introduced below if § and ¢ are small enough. How small they
have to be depends only on K.

We set u(t)=(a()+ B(1))/2. We set

a®)=u@®)+Q2e)" {(—t+1ty+e)
(alto~e)—p(to— ) +(t—to+e)flto + &)~ ulto+2)},

b(O)=u(®)+2e)" " {(—t+to+e)fto—e)—plto—e)+(t—to+e)
(a(to+ &) —ulto+e)}

and we set w=a(to)— f(t,), D=(d(to)— B(t,))/2, where the dot denotes differentia-
tion with respect to t. Then we have

a(t)—at)y=2e)~ " {Bto+e)—ulto+e)+ulto—e)—alto—e)}
=(4e) ' {Bto+e)—alto+e)+Plto—e)—alto—e)}
=—(2&)"'w+O0(@(|D]+IIwl)),

for t,—e<t=<ty,+e The estimate may be seen by expanding the various terms
in Taylor series with remainder, e.g.

Bto+e)=P(to) +eh(to) + E(S—S) Blto+s)ds
0

and similarly expanding «(ty+¢), f{to—e¢), and a(ty—e¢). The constant terms
from these expansions contribute —(2&)~'w, the linear terms cancel out, and
the remainder terms contribute

=(e/2) sup {I1B(s)— (o) to—e <5< to+e}
=const &(| Dl +[|wl).

This last inequality follows from the fact that o and f§ both satisfy the Euler-
Lagrange equation: it implies that

1B(s)—a(s)| SC(I B(s)—als)]| + I B(5)— x(s)Il)
SCA+Cre)2IDi+wl,

provided ¢ is small enough, where the constants C and C,; depend only on
K.
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This proves the estimate for d(t)— a(t). Similarly, we have

b(O)—aH)=(2e) ' w+O(E(ID] + [w])),
a(t)—a()=D+ 0 D]+ [wl)),
BO)—a(t)=—D 40D+ [wi),

fortg—est<ty+e.
Let A,(%)=L(u(t), X, t). Clearly,

IL(x, %, ) = A (X) — L (u(2), f2(2), 1)- (x — (@) |
= L(x, X, 1) = A,(X) = L (u(0), %, 1) (x — ()|
+ 1L (0), X, 1) — Lo(u(t), (1), 1)) (x — (D)
SClx—p@l + 11X = gDl x—p@®l,

for to—eSt=<ty+e, provided | X} =K, where C; is a constant, which depends
only on K.
Next, we have

L{a(®), a(t), )+ L(B(2), B(), ) — Lla(t), a(t), 1)
—L(b(®), b(t), 1)
2 A,(6(0) + A, (1) — A,(a (1) — A, (b))
—Cye” e | Dl +[Iwl)
2 Cy | a()— B> —Calla(®)—b@)]?
—Ce” ' ElID | +llwl)?
2Cs[ID|?—Colle™ ' w[? = Cqe™ el D] + [ w]).

Here, the C’s are constants which depend only on K. This estimate is valid
for to,—e Xt <ty +e¢, provided ¢ is small enough. How small ¢ has to be depends
only on K.

The first inequality follows from the bound on | L(x, X, t)—A4,(X)
— L, (u(t), a(t), t)-(x — u())| which we noted above. Notice that since u(t)=(x(t)
+ B()/2=(a(t)+b(t))/2, the contributions of L (u(t), i(t), t)-(x— u(t)) cancel in
pairs, ie. the contribution from « cancels that from f and the contribution
from a cancels that from b. In each of the cases (x, X)=(a(t), &(t)), (B(¢), (1)),
(a(®),a(t)), or (b(1),b(t)), we have that ([X—pa@)l+|x—pu@Ix—p@)l is
bounded by conste™ (e[| D||+[|w])? as may be seen from the estimates we
obtained above on d(t)— ji(t), etc.

The second inequality above follows from two inequalities:
A@(O)+ ABO) 22 4,(4(0)+ C3 80— O,

which is a consequence of the positive definiteness of L and the fact that a(r)
=(a(r)+p(1))/2; and

A,@0)+A4,Bb@O) 24,5 @)+ Cy | 4() - b1,
which is a consequence of the fact that L is twice continuously differentiable

and the fact that a()=(a(t)+b(t))/2. Here, C; and C, are constants, which
depend only on K.
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The last inequality is a consequence of our estimates for d(t) —i(t), b()— (o),
a(t)— a(t), and B()— A().

Integrating from t,—¢ to ty+¢ and absorbing the last term on the right
side of the above inequality into the two previous ones, we obtain

A(@)+A(B)— A(a)—A(b)
2(2e)(Cs [ID*—Cqlle™ wl|?),

where ¢, Cg, and Cq are contants which depend only on K and not on « or

. The conclusions of the lemma follow: We have a(t,—e)=a(ty—¢), alty+é)
=f(to+e), b(to—e)=Ptg—e¢), b(ty,+8)=a(ty+¢) by the formulas defining a and
b. Taking C*=2Cy/Cg &% and n=¢Cyq, we have

A)+A(f)—Ala)— A(d)zn | D|?,

whenever |D||=C|lw|. Taking into account that distances measured in any
two Riemannian metrics are comparable, we obtain the conclusion of the lemma
(after possibly changing C and ). []

Proof of Theorem 2 By proposition 4, we may choose K such that
(&, to)esupp M, implies that ||&] <K. Let ¢, §, n and C be as in the lemma.
We first show that if (&, t,), (v, to)esupp M, and dist(n (&), n(v))<J, then dist(¢, v)
= C dist(n(¢), n{v)). Suppose the contrary, i.c. suppose dist(z(¢), n(v)) < but dis-
t(&, v)> C dist(n(£), m{v)). We may choose open neighborhoods N; of £ in TM
and N, of vin TM and a small positive number J, such that for &'eN;,v'eN,,
we have dist(n(&'), n(v))<éd but dist(&,v)>C dist(n(E), n(v'))+0, and
<0 v i <K

Since (&, to), (v, to)esupp M., there exist extremal points ug, y; of M, such
that supp p, has non-void intersection with N:xt, and supp y; has nonvoid
intersection with N, x t,. Since u, and p, are extremal points, they are ergodic
measures. Therefore, we may choose points £'eN; x t, and v'eN, x t, which are
generic (in the sense of Birkhoff’s ergodic theorem) for u, and u,, resp.

Since &' is generic for po and N;x (to—e¢, to+¢) has positive measure with
respect to g, the orbit of the Euler-Lagrange flow through (£, t, mod 1) returns
to N; xt,(mod 1) with positive frequency, i.e. there exists a strictly increasing
bi-infinite sequence (..., n;,...) of integers such that @((&,t, mod 1), n)eN;
X to(mod 1), where @ is the Euler-Lagrange flow on P. Moreover, lim i~ 'n,
exists and is finite. e

Likewise, there exists a strictly increasing bi-infinite sequence (...,nj, ...)of
integers such that @((v, t, mod 1), nj)e N, x t, and hm i~ ' n} exists and is finite.

Let a(t)=nd((&, t, mod 1),1), B(t)=nP((V, ¢, mod 1),t), where n: TM x (R/
Z)— M denotes the projection. Then « and f§ are curves on M which satisfy
the Euler-Lagrange equation. Moreover, for any i, the curves o;=al[ty+n;
—e,to+m+e] and ;= Bl[ty+ni—e, to+n;+¢] satisfy the hypotheses of the lem-
ma, since du(to)eN:, dfi(to)eN,. Note that by the periodicity of L, we may
still apply the lemma when the domains of « and g differ by an integer, as
here.
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From the lemma, it follows that, for each integer i, there exist curves a;, b;:
[to—e to+e]—=M such that a(to—e)=alto+n;—e), a;{to+e)=p(to+ni+e),
bi(to—e)=B(to+ni—e), b(t+e&)=alto+n;+e), and

Ao)+ A(B) — A(a) + A(b) 2 n dist(da(ty +ny),
dp(to+m)* = nst.

Now we construct two new curves o*, f*:IR — M, as follows. First, we choose
two sequences (..., m;, ...} and (... m;, ...) of integers such that

. ’ [ ’
Myjp1—My;=HNy;1y—Nay, Moy — My =054 Ny,

—_— ’ ! ! _
My;—My; 1 =HNp;— N5y, My;— My =Ny;— Ny,

for all integers i. We let

a*(t)=a(t +ny;—myy), for my;+est—to=my; 1 —¢,
=B(t+n5;—myy), for my; (+est—to<my;—g,
=b,i(t—myy), for my;—e<t—t,Smy;+e,
=0az;41(E—Maisq),  fOT My —eSt—toSmyq e,

and

B* ()=t +ny;—m3)), for my+est—to=my;q—5,
=a(t+ny;—myy), for my; +eSt—to=my—¢,
=a,;(t—myy), for my;—est—t,<mj;+s,

=byis1(f—masy),  fOT My —eSt—LoSmys  +e
For each positive integer N, we set
ay=al[to+n_y—e to+ny+e]
By=Bllto+n"-y—¢ to+ny+el
a¥=a*|[to+m_y—¢, to+my+e]
*=B*|[to+m_y—e¢, to+my+e]

By the previous inequality
Aloy)+ ABy)— Al -~ ABH 2N +1)n4i.

Let af*, f%* be minimizers whose lifts G&*, B%* to M join the endpoints of
lifts of o, B¥. Then 4(oF*) S A(ad), AB¥*) = A(BR), so

Alew)+ABy) — AF*) — ABFIZ2EN+ 1) 551

To finish the proof of Theorem 2, we introduce the following notation: Let

Ay, ..., A; be the closed 1-forms on M which were introduced at the beginning

of § 2. Since [4,], ..., [4] is a basis of H!(M,R), the cohomology class ¢ can
1

be uniquely expressed in the form c¢= Y a;[4;], with g,eR. Let A=) a; 4;, so
i=1 b

that ¢c=[4]. For a curve {:[a,b] > M, we set 4,({)= [ (L—ANd{(r), 1) dt, so that
A()=A)—b—a){c, p(O). ‘
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It is easy to see that the 1-chain a¥* — f§* —ay— Sy is a 1-cycle which repre-
sents the homology class 0. Consequently:

A (aw)+ Ac(fn) — Ac(oF*) — A(BF¥)
= A(ay)+ A(By) — A(F*) — ABFY).

Because & and v have been chosen to be generic for o, and u,, resp., we
have
lim (ny—n_y) " " A(oy) = Ac(po) =min A4,

N->w

Jim (ny —n=y)" "A.(Bv)=Ac(y) =min A,

and the limits L= lim i~ 'n;, L= lim i~ 'n} exist.
i-tow i—»tow
Because my—m_y+my—m_y=ny—n_y-+ny—n_y, it follows from the in-
” N N N N N N N N
equality

Ay(aw) + A (Br) — A (0F*) — ABFH ZQN + 1) n

and from the two equations above that at least one of the following two inequali-
ties holds:

lim inf(my —m_»)"" 4,(2*) <min 4,

lim inf(my —m_y)~ ' AAB%*) <min 4,
N—- o

where the “min” is taken over all @-invariant probability measures.
But this leads to a contradiction:

By the compactness of the set of probability measures, we may choose a sequence
N, <N, < ... of positive integers such that the vague limits (as i —o0) of the
probability measures uniformly distributed along «%* and %* exist. Call these
limits ¥ and p¥. Since one of the above inequalities holds, we obtain that
one of the following inequalities holds:

Afud)<min 4, or A (u¥)<min A,.

This is obviously impossible.

This contradiction shows that if ({, to), (v, to)esupp M, and dist(z({), n(v)) <4,
then dist(&, v) £ C dist(n(£), n(v)). The injectivity of = and the Lipschitz property
of ! follow immediately. []

5 Perturbations of a system with an invariant torus

Let (N, w) be a symplectic manifold, ie. let N be a 2n-manifold and @ a closed
non-degenerate 2-form on N. Let f: N— N be a symplectic diffeomorphism of
N, ie. a C* difffomorphism such that f*w=cw. Let £ be an n-dimensional
submanifold of N. Suppose that € is invariant under f, i.c. f(£)=2 and that
f18 is C* conjugate to a translation on the a-torus T" by a vector p
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=(py, ..., pn)€R" which satisfies a Diophantine condition, ie. there exists a
C= diffeomorphism ¢: €— T" such that ¢ f ¢~ 1()=60+ p(mod Z") and there
exist C, f>0 such that

lko+ky pr+ ... +kypal ek + ... +1k, )77,

forall k=(kq, ..., k,)eZ"\O.
It is well known that it is possible to introduce a C* system of coordinates
4. p)=(qy5 ..., qn>DP1» ---» Ps) in a neighborhood of £, where ¢ is defined mod Z",

with the following properties: w= Y, dg; Adp; where (g, p) is defined; = {p=0};
and (¢, p')of =(g, p), where i=t

gd=q+p+A-p+0(p?», p=p+0(p?,

and A is an nxn symmetric matrix of real numbers. (The more classical way
of writing (¢, pYof =(q,p) is f(q, p)=(q’, p'). However, the way we express this
relation is more logical, since coordinates are functions on the manifold.) See
e.g., [11], Appendix 2.

Here is a brief sketch of the proof of the existence of such coordinates:
By the hypothesis that f]€ is C® conjugate to translation by p on the n-torus,
it follows that there exists a C® system g=(qy, ..., q,) of coordinates on £
(defined mod Z"), such that ¢’ =q+ p, where g=¢ - f | . Moreover, £ is a Lagran-
gian submanifold of N, by a theorem of Herman [13], ie. i*w=0, where i
is the inclusion mapping of € into N. Since £ is Lagrangian, it follows from
the global form of Darboux’s theorem (cf. Weinstein [27]), that there exists
a neighborhood of € which is C* symplecticly diffeomorphic to a neighborhood
of the zero section of the cotangent bundle T* L. It follows that it is possible
to extend ¢, ..., g, to functions Q,, ..., Q, defined in a neighborhood of £
and find other functions P, ..., B, such that (Q, P) is a diffeomorphism of that

neighborhood onto T" x U, where U is an open set in R", and w= ) dQ,AdP,
i=1

on that neighborhood. In addition, we may choose the P’s so that £={P=0}.

Since £ is invariant, we have (setting (Q', P')of =(Q, P)),

0'=Q+p+B(Q)-P+0(P%), P=H(Q) P+O(P?,

where B and H are n x n matrices whose entries are C* functions on £. Since

the symplectic form w is preserved by f,ie. Y. dQ;AdPi= ) dQ;AdR, it follows
i=1 i=1

that H(Q) is the identity matrix and B(Q) is symmetric. This would be the

form we desire to obtain, except for the fact that B is not constant. To obtain

the form we want, we introduce new coordinates (¢, P)=(q1, ---» Qu> P1> -+-»> Pn)

defined by the generating function

V(Q,p)=Q-p+p-W(Q) p/2,
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where W(Q) is an n x n symmetric matrix of C* functions depending periodically
on Q (i.e. W(Q+k)=W(Q) for keZ"). Thus,

P=0V/0Q;, q=72V/ip
and so
p=P+0(P?; q=0+W(Q)-P+0(P?.

Defining the new coordinates by a generating function in this way guarantees

that Y dg,ndp;=) dQ,;AdP;. In this new system of coordinates, f has the
expression

d=q+p+A(q)-p+0(p?, p=p+0(p?,
where

A(@)=B(q)+W(g+p)—W(q).

Thus, B(g) is a symmetric nxn matrix depending in a C® and Z"-periodic
way on g and we wish to find a symmetric nx n matrix W{q) depending in
a C® and Z"-periodic way on g such that A(g) is constant (i.e. independent
of g). Of course, it is enough to solve this difference equation separately for
each entry. It is well known that it is possible to solve this difference equation
when p satisfies the Diophantine condition we have imposed above (and only
then): one may see this by expanding all the functions which appear in Fourier
series in g=(q,, ..., q,)- The Diophantine condition on p is then precisely the
condition for the resulting Fourier series for W to converge to a C* function,
whenever Bis C*.

This completes our sketch of a proof that f has the normal form (in a
neighborhood of £)

g=q+p+A-p+0(p*, p=p+0@?,

where A is an n x n symmetric matrix of real numbers, and (g, p)=(q’, p')-f.

Now we consider a tubular neighborhood U of £ in N and a symplectic
difffomorphism g of U into N. We suppose that g is C! close to f |U. In addition,
we suppose that g is a Hamiltonian perturbation of f, in the following sense.
Since & is Lagrangian, i.e. i*w=0, where i is the inclusion of & in N, it follows
that the cohomology class of w|U vanishes, since U (being a tubular neighbor-
hood of a Lagrangian torus) is difffomorphic to the Cartesian product of £
with an open ball. Therefore, w|U=dn, for a suitable 1-form » on U. Note
that since f(£)= £, and f|& is homotopic to the identity, f*# is cohomologous
to #, i.e. the cohomology class of f*n—n in H'(U,IR) vanishes. We will say
that g is a Hamiltonian perturbation of f if (g*n —#)| & is exact.

According to KAM theory, if r is sufficiently large, A is non-singular, and
g is a C sufficiently small Hamiltonian perturbation of f, then there exists
a compact submanifold £ of U such that g(£)=¢ and g|€ is C' conjugate
to a translation of the torus T" by p. In fact, it has been shown that this
result is valid for r>28+2, where f§ is the exponent which appears in the
Diophantine condition. Cf. Moser [21], Salamon [24], and Salamon and
Zehnder [25].

The purpose of this section is to show that when A is positive (or negative)
definite, there is still a g-invariant set in U near £, if g is a C* small Hamiltonian
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perturbation of f. Moreover, if there is a g-invariant torus in U on which g
is C' conjugate to a translation by p, then the set which we will construct
is this torus. Thus, the set which we will construct may be regarded as a general-
ization of the KAM torus.

A related result is contained in the paper of Bernstein and Katok [6], where
periodic orbits are constructed in a similar circumstance. However, the invariant
sets which we construct are, in general, different from the periodic orbits found
in [6].

The coordinates (g, p))=(q1, .-.» 4> P15 ---» P») Which we found above provide
a symplectic diffeomorphism of an open neighborhood of £ in N onto an open
neighborhood of 7" x 0 in T"xIR"=T*T". Thus, without loss of generality,
we may suppose that U=T"x V, where V is an open ball about O in R" and
fand g map U into T" x R". We may also suppose that f(g, p)=(q', p') where

gd=q+p+A-p+0(p?», p=p+0(p?,

and A is positive definite. For, we may reduce the case when A is negative
definite to the case when A is positive definite by replacing p by —p.

Let f,: T"xR"— T" x R" be defined by f,(q, p)=(q+tp+tA-p), for teR, so
f(q, p)=11(q, p)+O0(p?). We need a generating function for gof,"! or, more pre-
cisely, a function G(¢',p)=q -p+ G,(q’, p), where G,: T"xR"—IR is C?, lies in
a pre-assigned C? neighborhood of 0, and vanishes outside of T" x B", where
B" is the unit ball in R. We require that this satisfy the condition to be a
generating function for gof;™ !, i.e. for ge T", pe V, we should have

g-fi "a.p)=(d,p)
if and only if ‘
q=0G/0p and p'=08G/dq.

For the case g=f, we may find such a generating function, after possibly replac-
ing V with a smaller ball containing the origin. Since g is a C' small Hamiltonian
perturbation of f, we may still find such a generating function in general. The
proof, both for the case g=f and in general, (using the case g=f) is the usual
calculus exercise combined with standard extension lemmas. We leave it to
the reader. The reason for doing the argument in two steps this way is to
show that the amount of shrinking of V which is required depends only on
f,not on g.

Let u:[0, 1] - [0, 1] be such that u is C*, u vanishes identically in a neighbor-
hood of 0 and u is identically 1 in a neighborhood of 1. Let ¢,: T" xIR" —» T" x IR"
be the Hamiltonian diffeomorphism whose generating function is V(q',p)
=q -p+u(t) G,(q, p), i.e. the diffeomorphism which satisfies the condition that

¢:9,p)=q’, P)
if and only if

q=0V,/op, p'=0V/iq.

We assume that such a difffomorphism ¢, exists. This will be the case if G,
is sufficiently close to 0 in the C? topology.

We let g, = ¢, f;. By construction, {g,} is a 1-parameter family of Hamiltonian
diffeomorphisms of T" x R" with g, =identity. Thus, g, is the Hamiltonian flow
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associated to a time dependent Hamiltonian #,, i.e., we may find a function
h,: T"x R" > R such that

d(geg)_0h, dlpeg) b
i oy ™M @ T

Moreover, h, is a C*-small perturbation of H(q,p)=p-p"+p-A-pT/2 (where
pT denotes the column vector which is the transpose of the row vector p) in
the sense that if G;=0, then h,=R, and h, depends continuously on G, in
the C? topology, provided that G, is in a sufficiently C*-small neighborhood
of the identity. The verification of this may be done in two stages: First, G,
—dg,/dt is continuous, with respect to the C? topology on the functions G,
and the C! topology on the functions dg,/dt. Second, dg,/dt— h, is continuous,
with respect to the C! topology on the functions dg,/dt and the C? topology
on the functions h,. This is because k, is obtained from dg,/dt by an integration.

Since H has positive definite Hessian second derivative along the fibers of
T*T"=T"xIR", so does h, if the latter is close enough to H in the C? topology.
As we observed above, this will be the case if we shrink V enough and choose
g close enough in the C! norm to f, so as to be able to choose G, in a suitable
C?-small neighborhood of 0.

The Hamiltonian h,, in addition to having positive definite Hessian second
derivative along the fibers of T*T", equals H outside of a compact set. Conse-
quently it has superlinear growth along the fibers. By applying the Legendre
transformation, we get a Lagrangian system, which is equivalent to the original
system. Recall that the Lagrangian of this system is L(q,q,t)=4-p’—h,(q, p),
where ¢ is defined by the Legendre transformation ¢ =0h,/dp. Since h, has posi-
tive definite Hessian second derivative and superlinear growth in the p variables
and is C?, the Legendre transformation is a C' diffeomorphism of T*T" x R/Z
onto TT" x R/Z, which commutes with the projections onto T" x IR/Z. (As usual,
T*T" and TT" denote the cotangent bundle and the tangent bundle of the
torus.) The inverse transformation is given by p=0L/dq. Notice also that
0L/0g=0h/0q and OL/0t= —0dh,/dt, so all first partial derivatives of L are
C!, ie. L is C2 Notice that 8*L/3¢*>=0p/0¢=(04/0p)” ' =(0*h,/0p*)~*. Conse-
quently, 02 L/04* is positive definite. Since h,(q, p)=H(q,p)=p-p"+p-4-p"/2
outside a compact set, L(q,d, t)=(¢—p)- A~ *(§—p)T 2 outside a compact set,
and so L has superlinear growth. Furthermore, the flow defined by the Euler-
Lagrange equation is complete in this case, because it is integrable outside
a compact subset of TT" x (R/Z).

Thus, we have verified all the conditions imposed on L in § 1. It follows
that the results stated in §§ 1-4 apply to this L. In view of the definition of
this L, they translate to results about g,. For, T*T"=T" xR" is a global Poin-
caré surface of section of the Hamiltonian flow with Hamiltonian h, and this
flow is C! conjugate to the flow @, defined by the Euler-Lagrange equations
associated to L. The induced mapping on this Poincaré surface of section is
g;. To put this in another way, ®, is C' conjugate to the suspension of g,
ie. the flow d/dt on the quotient manifold of T* T" xR obtained by identifying
(&, 1) with (g,(£), 1 +1).

Thus, there is a one-one correspondence between invariant probability mea-
sures of g, and invariant probability measures of @, . We may define the average
action of a g,-invariant probability measure as the average action of the corre-
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sponding &;-invariant measure. The function which assigns to a g,-invariant
probability measure u its average action is actually a symplectic invariant of
g; modulo addition of affine functions of the rotation vector. A special case
of this was proved in [18] (by arguments which go back to [8]), and the same
argument carries over to the situation we are considering here, without change.
We will use the same symbol for an invariant probability measure of g, and
the corresponding invariant probability measure of @, .

Of course, what we want are results about g, not about g,. By construction
of g,, we have g,|U’ =g, for an appropriate neighborhood U’ of £ in U, so
results about invariant measures u of g, apply to g, as long as supp pc U".

First consider the case when g=f. In this case, we have the KAM torus
2=T"x O which supports a unique invariant measure u,, which is minimal
(Appendix 2). In other words, f(p)= A (1), where f is the function which appears
Theorem 1. (We identify H,(T", R) with R") It follows from Birkhoff normal
form ([11], Appendix 2) that f is differentiable at p and that the unique support-
ing hyperplane of the epigraph of § at (p, f(p)) meets epigraph § only at that
one point. Let coe H' (T", R)=IR" be the derivative of f at p.

For ce H(T",R)=IR", let supp M < TT" denote the support of the set of
gq-invariant probability measures ¢ which minimize A4.(u)= A(u)—{c, p(u)>. It
is easy to see that for every neighborhood 9 of u, in the vague topology,
there are neighborhoods R, of f in the C' topology on Hamiltonian perturba-
tions of f, and R, of ¢, in H,(T",R)=R" such that if g is in N, and c is
in N,, then M, <= N. However, by Theorem 2, supp M, is the graph of a Lipschitz
function from a subset of 7" to R". Moreover, the proof of Theorem 2 gives
an a priori bound on the Lipschitz constant. Choosing 9 appropriately, using
the fact that 9, < N and the a priori bound on the Lipschitz constant, we obtain
supp M. < U".

Supp M, is the g-invariant set in U’ which we sought. As ¢ tends to ¢,
and g tends to f in the C' topology, supp MM converges to the KAM torus
in the Hausdorff topology, as may be seen by the argument above.

We may summarize what we have proved as follows:

Proposition 5 Let f be a C* symplectic diffeomorphism of a 2n-dimensional sym-
plectic manifold N and let  be a KAM torus of f, i.e. suppose that L satisfies
the conditions listed at the beginning of this section. Let q (defined mod Z")
and p be symplectic coordinates, defined in a neighborhood of £, such that
Q={p=0} and f has the form

q=q+p+A-p+0(p?», p'=p

where (q', p')-f =(q, p). Suppose that the symmetric matrix A of real numbers is
positive definite.

Let U=T"x V be an open neighborhood of £ in N. Let ¢, be the derivative
of B at p, where p is the rotation vector of f|8. Then we have the following:

If ¢ is close enough to co in H'(T",R)=R" and g is close enough to f in
the C! topology on Hamiltonian perturbations of f, then supp M.< U’ and conse-
quently is g-invariant. Moreover, supp M, is the graph of a function from a subset
of T" to V and it converges (in the Hausdorff topology) to £ as c tends to
co and g tends to f in the C' topology. Moreover, if g has a KAM torus
C!-sufficiently close to £, then that torus is one of the sets M.
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The last sentence of this proposition follows from Appendix 2. The rest has
been proved above. Note that the restriction of f§ to a sufficiently small neighbor-
hood of ¢, depends only on f, not on its extension to T" x R™. This is a conse-
quence of the fact that supp 9R,. lies in U’, for ¢ close enough to ¢,.

6 Twist maps

In this section, we apply the theory developped in §§ 1-4 to the case when
M =S, In this case, TM is the cylinder. Moser has shown [20] that any finite
composition of exact area preserving twist maps of the cylinder may be repre-
sented as the time one map associated to a Lagrangian satisfying our conditions
for the case M=S5"'. Thus, the results we prove in this section apply to finite
compositions of twist maps. However, the results we prove in this section have
already been prove by related methods in previous articles. The purpose of
this section is to show that the results of this article generalize earlier results
about twist maps. Of the many articles which discuss these results about twist
maps, that of Denzler [10] is closest to the approach which we adopt here.
See also Mather [18], which expresses results about twist difffomorphisms in
terms of minimal measures.

Proposition 6 In the case that M =S', the function §: H,(M,R)—>R is strictly
convex, Le. every point on graph [ is an extremal point of the epigraph of f.

Proof. Suppose the contrary. Then there exists a supporting hyperplane
IcH,(M,R)xIR=IR? of epigraph  which meets graph B in more than one
point. Let ce H' (M, R) be the slope of I. According to Proposition 4 and Theo-
rem 2, supp M, is a compact subset of TM x (R/Z)=S" x IR x (R/Z), whose pro-
jection on M x (R/Z)=S5! x (R/Z) is injective. Since [ meets graph B in more
than one point, [~ graph f is a closed line segment, and its endpoints are extre-
mal points of epigraph p.

From the discussion at the end of § 2, it follows that there exist ergodic
invariant measures g, i, such that (o(uo), A(1o)) and (p(u,), A(u,)) are the end-
points of this line segment. Let {:IR—>TM xR/Z and {;: R ->TM xR/Z be
Birkhoff generic trajectories for p, and p,, resp. Let v,y : R >M x(R/Z)
=S! xR/Z denote the projections of {,,{;. Let §,,7; : R —»IR?* denote the lifts
to the universal cover.

Since uo#p,, we have {,={,. Since these are trajectories, their images in
TM xR/Z are disjoint. These images lie in supp IM,. Since the projection of
supp M, on M xIR/Z is injective, it follows that the images of y, and y, are
also disjoint.

On the other hand, the asymptotic slopes of 5, and 7, are p(u,) and p(uy),
resp., since {, and {, are Birkhoff generic trajectories for u, and yu,, resp. This
implies that the curves §,,§, cross, contradicting the fact that the images of
yo and y, are disjoint. This contradiction proves the proposition. []

The idea of this proof and of Proposition 8 is similar to the idea of Moser,
explained in Denzler [10].

Let heH,(S',R), let Ic H'(S*, R) xR be a supporting hyperplane of epi-
graph f§ which touches epigraph f at h, and let ¢ be the slope of I. Let M, =(TS"
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x O)nsupp IM,.. Note that M, is independent of the choice of | by the strict
convexity of B, since Wi, is the set of invariant measures which minimize A4,
subject to the condition of having rotation number A.

Proposition 7 The projection n; of M,(<TS") on S! is injective and the inverse
;' in (M) — M, TS! is Lipschitz.

Proof. Immediate from Theorem 2. [

Let f be the section mapping of TS'=TS'x O into itself, corresponding to
the Euler-Lagrange flow associated to L. By deﬁmtlon f (Mp)=M,. Let m: R?
—S8'xR=TS' denote the projection and let M,=n"'(M,)cR2 Let n,:RR?
—IR denote the projection on the first factor and let [ denote a lift of f to
the universal cover. By Proposition 7, n, : M, — R is injective, so that M, inherits
an order from that on R.

Proposition 8 f: M, — M, is order preserving.

Proof. If not, the projection of supp M, on S' x (R/Z) would not be injective,
contradicting Theorem 2. [J

Corollary. If h is irrational, M, supports a unique f-invariant measure p,, which
is the unique minimal measure of rotation number h,

Proof. To show that M, supports a unique f-invariant measure, use Proposi-
tion 8 and copy the well known proof that an orientation preserving homeo-
morphism of the circle of irrational rotation number has a unique invariant
measure.

Since all minimal measures of rotation number h have support in M, it
follows that p, is the only one. [

Appendix 1
Tonelli’s theorem

We stated a version of Tonelli’s Theorem in § 2. This is slightly different from
any version we have found in the published literature. However, it may be
proved by modification of the proof found in a standard text [2]. (For a thorough
discussion of Tonelli’s theorem, especially in more variables, see [9]). For com-
pleteness sake, we prove our version of Tonelli’s theorem here. As we observed
in § 2, it is enough to prove:

Lemma. Let KeR. The set {A <K}, consisting of all yeC*([a, b], M) for which
A(y)£K, is compact in the C°-topology.

The rest of this appendix is devoted to the proof of this lemma and its addendum.
The first step is the observation that the family {4 <K} of curves satisfies
the condition of absolute equicontinuity: For every >0, there exists 6 >0 such

that if a<ay<bo<a,<b,<..<La,<b,<b and Y b;—a;<d, then

i i=0
z dist(y(a;), y(b;)<e. For this, we use the superlinear growth of L: Choose
i=0
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C so that K/C<¢/2 and B so that | ¢|| = B implies L(&, )= C | &]. Let d=¢/2B.
For ye{A<K}, let E={te[a, b]: |dy(t)] = B}. Then

[ldy@lde<C™ [ Ldy(t), 1) dt £K/C <g/2.

E

Let J=[a,,b,]U...U[a,, b,]. It follows that

™=

dist(y(a, 76 S [ 1dy (0] di< 3 (bi—a) B+s/2 <.

i=0 i=0

fl

Note that 6 is independent of y, as long as A{y)<K.

In particular, the family {4 <K} of curves is equicontinuous. Since these
curves lie in the compact metric space M, it follows from the Ascoli-Arzela
theorem that every sequence yi,7,, ..., in {A<K} has a subsequence which
is convergent with respect to the C® topology. It follows immediately from
the absolute equicontinuity of the sequence that the limit y of any convergent
subsequence is absolutely continuous.

So far, we have shown that any sequence in {A<K} has a subsequence
1,72, ... which converges in the C° topology to an absolutely continuous curve
y. To complete the proof of the lemma, we will show that A(y)<K.

Consider te[a, b] where y is differentiable. Let (U, x) be a C* coordinate
chart about y(t). Here, x=(x,, ..., x,) is a local system of coordinates. We let
(x, X)=(x{, ..., X4, X1» --., X,,) denote the system of coordinates on TU canoni-
cally associated to it, and we express dy(f) in these coordinates as (y(t), 7(t)).
For ¢>0, we have

Lix, X, 5)2 L(p(1), 7(1), ) + ALy, 50 (0, X = 7(1) —&,

if x is close enough to y(¢) and s is close enough to t. For s=t and x=1y(t),
this inequality (with £=0) follows immediately from the fiberwise convexity of
L. There exists C>0 such that for || x| > C, this inequality follows from the
superlinear growth condition on L. For ||x| £C, this inequality follows from
the continuity of L and the fact that it holds for e=0 when s=t and x=1y(1),
provided x is close enough to y(t) and s is close enough to ¢, although how
close these must be taken depends on C and e.
We will apply this inequality with x =1v;(s), x =7;(s). Note that

t+d
(0+0)7" f dL(y(r),y'(z))(Os Fi(s)—7(1) ds
t—3g’
= (5 + 5/) -1 dL(y(z).y(r))(O’ 7t + 5) - "/i(t - 5,)
—(6+9)7(1)).
Taking lim lim of this quantity, we obtain zero, since y; converges C° to

8,610 i~
y. Thus, the inequality above implies

lim inf lim inf(3+ &)L A (][t — &', t + 6]) = L(dy(¢), ).

8,0’ 0 i~

This is valid at any point where y is differentiable.
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This inequality implies that for every ¢>0, there exists §,>0 such that if
0<9,d <8, then

lim inf(5 + &) "' A(y|[t— &, t + 61) = Ldy(0), 1) —&/2.

Until now, we have not proved that L(dy(t),t) is an integrable function of t.
For this reason, it is convenient to introduce the functions uc(t)

t
=min(L{dy(t),t), C) and Uc(t)= [uc(s)ds. We let Ec denote the set of points

te[a, b] where y and U, are differentiable and uc(¢)=dU.(t)/dt. (I am indebted
to Odet Schramm for a considerable simplification at this point of the proof
which 1 presented in my graduate course in spring 1988. I spent an hour proving
that E. or some similarly defined set has full measure. At the end of the hour,
he remarked that one of the conditions in my definition amounted to uc(t)
=d U.(t)/dt, and formulating the condition this way showed that my result about
full measure was an immediate consequence of well known results in function
theory.) If te E¢, then for every ¢>0, we may choose d,> 0 such that if 0 <4,
<y, then

L(dy(t),)—&/22(8+0) (Ut +8)— Ut = &) —e,
if te E;. Combining this with the previous inequality, we obtain

lim inf(8 +8) " ' A(yi[t— &, ¢ +81)

2(0+0) " (Uc(t+6)— Uct— ) —e,

for te Ec and 0<, &' £9,.

The set Ec; has full measure in [a, b], since uc is a bounded measurable
function. We have shown that for each teE, there exists J, such that the
inequality above holds for 0<d,d <d,. We construct a countable sequence
[a;,b,],[as, bs], ..., [a;,bj],... of closed intervals which cover E., which are
mutually disjoint, and for which

lim inf(b;—a;)"* A(y:|[a;, b;])

g(bj”faj)‘ ! (Uctbp~ Uclap)—e,

as follows. Let t;,t,, ... be a countable dense sequence in E.. Let [a;,b,]
be such an interval containing ¢, for which min(b,—1f,,t;—a,) is as large as
possible. Assuming [a,,b,], ..., [4;_ 1, b; - 1] have been constructed, we construct
[a;, b;], as follows. Let t; be the first element of the sequence which is not
in [a,,b;]JU...U[a;_, b;_,]. (If there is none then [a,,b:], ..., [a;-, b;~ (] al-
ready covers Ec.) Let I=[d, b"] be the closure of the component of the comple-
ment of [ay, b JU...U[a;_,,b;_ ] in R which contains t;. For t;e(a, b)c[a, b'],
define c(a,b)=+ o if a=d, b=V, c(a,b)=b—t; if a=d’, b<V', c(a,b)=t;—a,
ifa’<a, b=V, and c(a,b)=min(b—t;,t;—a),if ' <a<b<b' Choose [a;, b;] with
t;e(a;, b)) < [d, b'], satisfying the above inequality, and so that c(a;, b;) is as large
as possible. In view of the fact that for each teE, there exists J, such that
the previous inequality holds for 0<d,0'<d,, it is easily seen that
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[ay, b1, ..., [a;, b1, ... cover E. Since E. has full measure in [a,b], L is
bounded below, and the [g;, b;]’s are mutually disjoint, it follows that

lim inf A(y}) 2 Uc(b) — Uc(a)—e(b—a).

1= oc

Since this is true for every ¢>0 and CeR and since y,€ {4 <K}, we obtain

Kzliminf A()2 lim Ue(b)— Ue(@)=A(). O]

i+

Proof of the addendum. We must show that if y, converges C° to y and A(y,)
— A(y)< oo, then y; converges C°“ to y, i.e.

b
lim [ dist(dy, (1), dy (1)) dt=0.

Let u(t)=L(dy(t),t). Since A(y)<oo, the function u is integrable. Let U(t)
t
= [u(s)ds. Let E denote the set of te[q,b] at which U is differentiable and

u(t)y=dU(t)/dt.

Consider t€[a, b] where 7 is differentiable and let (U, x) be a C* coordinate
chart about y{t). Using the same notation as in the proof of the lemma which
we have just given, we have

t+90
lim lim(@+6)"" | (Fus)—7(1)ds=0.
6,610 i~ g

This follows immediately from the assumption that y; converges C° to y and
the assumption that y is differentiable at 1.
Consider 6, 6’ > 0. By the lemma we have just proved,

lim inf A(yjla, t—8Tu[t+, b= Alylla, t —6' ][t +3, b]).

From our assumption that 4(y;) converges to A(y), we therefore obtain

lim sup A(y,|[t—0, t+5D = A(y|[t—d', t +5]).

i—=w
Now suppose teE, so that

1;;{10 (6+0) TA@I[t— 5, t+5D=Ldy(@) 1)

4

Combining the above estimate on lim sup with the argument in the proof of
the lemma which shows that

lim inf lim inf(8+6)~* A(y,|[t— &, t+6])

8,010 i— o

= L(dy(t), 1),
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and using the fact that

t+4
()= lim lim{5+d)"! f 7i(s)ds
8,810 imw g
we obtain
t+éd
lim limsup(6+96)"1 | dist(j;(s),5() ds=
5,810  i-ow —o
for teE.

For, if 4>0, there exists # >0 such that

L{x, %, s) = L(y(t), y(£), ) + dL(y(t), y'(t))(oa x—7(t)
+n dist(x, y(1))

provided that dist(x,y(t))= 4, x is close enough to y(t) and s is close enough
to t. There exists C>0 such that if | x||=C, this inequality follows from the
superlinear growth condition on L. Moreover, by the positive definiteness condi-
tion on L, this inequality holds for x =y(¢) and s=t. For || x| £ C, this inequality,
with 5 replaced by a smaller positive number, holds for x close enough to
7(t) and s close enough to ¢, by the continuity of L. Thus, our previous argument
shows that

lim sup lim sup(d+38) "L A(y,|[t— &, t+5])

8,010 i—-w

t+éd
= L{dy(t), ) +1im sup lim sup(§+6") ! f ¢ 4(s) n dist(9,(s), p(t) ds,
8,610 imw s

where ¢ ,(s)=1 when dist((s), 7(t))= 4 and ¢ ,(5)=0 otherwise. Therefore,

lim sup lim sup(6+98') 7" [ ,(s) dist(7;(s), (1)) ds=0.

38,0740 i o
Since this holds for every 4 >0, we obtain

lim lim sup(6+6)~" [dist(yi(s), 7(t) ds

9,0'}0 i—w

for te E, as asserted.
We may, in particular, apply this for the constant sequence y;=7 and obtain

t+d

lim (64+6)7" | dist(j(s), () ds=0.

4,6’} 0 Py

Combining these two inequalities, we obtain

t+o

lim lim sup(d+6)"" | dist(yi(s), 7(s) ds=

8,0°10 i—w t~d’
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Let E(t)———fdist(dyi(s),d?(s))ds and  fi(t)=dF{t)/dt (so that f(r)

=dist{dy;(t), dy(r)) almost everywhere). By what we have just proved f;(t)—0
asi—oo if te E and f;(1) is defined for every i.
Thus, f; converges pointwise almost everywhere to 0. What we wish to prove
b

is equivalent to |[fi(t)dt—0, as i—»oo. For any C>0, we have that
b a
J min(f;(r), C)dt— 0, as i - oo by the bounded convergence theorem. Moreover,

a

for any £> 0, there exists C >0 and i, >0 such that
b
fLA—min(f(), )] dt<e

for all i=i,. For, at least one of [|dy;{s)il or |dy(s)| is = /3, so we can use
the superlinear growth condition on L, together with the assumption that there
b

is a uniform bound on A(y), to obtain this estimate. Thus, | f,(t)dt—0, as
was required to be proved. [] a

Appendix 2

In this appendix, we prove the theorem of Weierstrass which was stated in
§ 2. This result is only slightly different from results stated in [7], but we give
the proof for completeness sake. We follow the method of [7], which is due
to Weierstrass. We also use Weierstrass’s method to show that the unique invar-
iant measure on a KAM torus which is a graph (§ 5) is minimal.

From classical mechanics, it is known that there is a 2-form Q on TM xR
which may be expressed in terms of C* local coordinates x =(x, ..., x,) defined
on an open set U in M as Q=Xdp,Adx;,—dH Adt, where p;=0L/0X; and H
=Xx;p;—L. As usual, ¢ denotes the R coordinate, and (x,Xx)
=(Xy, .o Xp, Xy, ..., X,) defines the system of local coordinates on TU, canoni-
cally associated to (xy, ..., X,).

Lemma 1 Let V be a connected, smooth m-manifold (im=dim M) and let a<beR
be real numbers. Let ®:V x[a,b] »TM xR be a C' mapping with the following
properties:

1) @0, t)=(D,(v, 1), t) with ®,(v,t)e TM, for all veV, te[a, b],

2) For each veV, the mapping t ->®(v, t) is a trajectory of the Euler-Lagrange
Sflow,
3) &*Q=0, and
4) n® is a diffeomorphism of V x [a, b] onto an open subset of M x [a, b], where
n: TM x [a,b] — M x [a, b] denotes the projection.

Then for any compact subset V, of V there exist Cy, C,>0, such that if
veV, and y(t)=® (v, 1), for a<t<bh, then A(y )= A(y)+F(d,.(y,7,)) for any abso-
lutely continuous curve vy,:[a,b]—>M such that y,(@)=v(a), y(b)=y(b),
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v, (eP,(V; xt), for at=<bh, and y, is homologous (in ©(V x 1)) to y rel. end-
points. Here

F(t):mln(CO tz, Cl t)
This lemma is the basis of Weierstrass’s method, as explained in [7].

Proof. From classical mechanics, it is know that there is a 1-form # on TM xR
which may be expressed in local coordinates as n=2Xp,dx;,— Hdt, so Q=dn
(where x;, p;, t, and H are as above). Since @* Q2 =0, we have that ®* is closed.
Since 7 is C* and @ is C', we have that @*n is C° (Note that we may still
say that ®*y is closed, since we may define d&*y in the sense of distributions.)
Let V be the covering space of V defined by n,(V)=ker(n,(V)—>H, (V,R)),
and let p: V x [a, b] -V x [a, b] denote the projection. Since ®*y is closed, there
is a C! function Won V x [a, b] such that dW =p*®*y. Let I*: TV x [a,b] >R
be defined by
*=L-T(ndp)—d, W—0W/ot.

Here, T(n®p): TV x[a,b] > TM x [a, b] is the tangent mapping associated to
n®p, and dy, W denotes the differential of W taken with respect to the V-variables
(with the R variable omitted.) The function 6W/dt is defined on ¥ x [a,b],
but we denote its pull back to TV x [a, b] by the same symbol.

Since n®p is a local diffeomorphism we may express functions on TV x [a, b]
in terms of local coordinates x=(x,, ..., x,) on M. In such local coordinates,

[¥=L—X%,(0W/0x;)— W /dt.

For veV and te[a,b], let ¥(v,1)e TV x[a,b] be defined by T(ndp)(¥(v, 1)
=@p(v,t). Then ¥:V x[a,b] =TV x[a,b] is a section of this vector bundle.
The equation dW = p* @*y amounts to

oW 0L ow
dx;, ox;° ot
on the image of V.

It follows that L%=0 on the image of ¥, and consequently, the restriction
of I* to the fiber over (v, t) takes its minimum at ¥(v, t). Moreover, the Euler-
Lagrange flow associated to L* is related by T(n®p) to the Euler-Lagrange
flow associated to L, as may be verified by checking that the variational problems
S{L¥(dy(t),t)dt=0 and S{L(dy(¢),?)dt=0 for the fixed endpoint problem are
the same. Therefore, the image of ¥ is a union of trajectories of the Euler-
Lagrange flow of L*. Since L% =0 on the image of ¥, it follows from the Euler-
Lagrange equation dL%/dt=L*% that [* =0 on the image of ¥. Consequently,
I*|image ¥ is a function of ¢ alone.

From the fact that the restriction of L* to the fiber over (v, t) takes its mini-
mum at ¥(y,1), the fact that [*/image ¥ is a function of ¢ alone, and the fact
that [* satisfies the positive definitness and the superlinear growth conditions,
it follows that

A* ()2 A* () + F(dac (v, 71))s

where by abuse of terminology we continue to denote suitable lifts of y and
y, to V by the same symbols. Here, we use the fact that nd:V x [a,b] > M
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x [a, b] is a diffeomorphism onto an open subset and the fact that p is a covering
map. Moreover, we use the fact that y and y, are homologous (in 7@ (V X [a, b]))
rel. endpoints to quarantee that they can be lifted to curves in ¥ having the
same endpoints. We set

b
A* ()= [ ¥y, (1), 1) dt.

It is easily verified that A*(y,)—A(y,)=W(y,(a@)— W(y;(b)). Consequently,
A(y)—A(y)=A*(y,)—A*(y) and hence we obtain the conclusion of Lem-
mal. []

For ce[a, b], we let i,;: TM — TM xR be defined by i.(&)=(¢, ¢) and set
i¥Q=Q,. We let ¢.: V- TM be defined by &.(v)=, (v, ¢), where @ and &,
are as in Lemma 1.

Lemma 2 Let @:V x[a,b]>TM xR be a C' mapping satisfying properties 1)
and 2) of Lemma 1. Let ce[a, b]. Then for ®*Q=0 to hold, it is sufficient that
d* Q.=0.

Proof. Let ¢ be the vector field on @(V x [a b]) whose trajectories are the curves
t > ®(v, t). The Euler-Lagrange equation is equlvalent to Hamilton’s equatlon
which is equivalent to the assertion that ¢ is in the kernel of Q, ie.
Q(E(P(v, 1), n)=0 for all tangent vectors n to TM xR at ®(uv, ). Since ¢ is in
the kernel of Q, it is enough to show that @F Q,=0, for all ¢. But this is a
consequence of the fact that it is true for t = ¢, together with the fact that Hamil-
ton’s flow is symplectic. []

Lemma 2 permits us to construct lots of examples of @ which satisfy the hypothe-
ses of Lemma 1. For once &,.: V— TM satisfying &* Q=0 is given, there is a
unique way to extend @, to @:V x [a, b] - TM x R satisfying 1) and 2) of Lem-
ma 1, in view of the fact that for each (&, t;)e TM x R, there is a unique integral
curve of the Euler-Lagrange vector field through (¢, to). In view of condition 4)
in Lemma 1, we wish to find ¢, with the additional property that n®, is a
diffeomorphism of V onto an open subset of M. To put this in another way,
we are looking for sections s of TM over open subsets of M with the property
that s*2=0. Using the Legendre transformation, we see that this is the same
as finding sections of T* M over open subsets of M which pull back the canonical
2-form on T*M to zero. These sections are precisely the closed 1-forms, and
the differential of any function is a closed 1-form.

The rest of the proof of our formulation in § 2 of Weierstrass’s theorem
is elementary. For example, we may proceed as follows.

Let éoeTM ceR with |&| K. Let &, %4, xo. Denote the projections of
&, on TM, M, M, resp. Let 2.: TM — T* M denote the Legendre transformation
corresponding to the Lagranglan LITM x c. Recall that if x=(x,...,x,) is a
C* chart defined on an open set U in M, (x, X) is the canonically associated
chart on TU and (x, p) is the canonically associated chart on T*U, then the
Legendre transformation is defined in these local coordinates by p=L,. We
let £ be a C® function on M such that d=(x,)=2L.(&,) and let §.= 53‘ odX.
Thus, @, is a C* section of TM. We use the Euler-Lagrange ﬂow to extend
d.to a mapping ®: M x[a,b] > TM, where a=c—¢, b=c+g¢, satisfying condi-
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tions 1)-3) in Lemma 1. Since nd,=identity, it is clear that condition 4) in
Lemma 1 will also be satisfied, provided that ¢ is small enough. There is a
positive uniform lower bound on how small ¢ must be taken, depending only
on K, provided that = is chosen carefully. It is obviously possible to lift this
construction to M. In this way, the inequality in our formulation of Weierstrass’s
theorem is seen to be a special case of the inequality in Lemma 1.

The last assertion in our formulation of Weierstrass’s theorem is a conse-
quence of the fact that the flow generated by the Euler-Lagrange vector field
is C! and the form of the Euler-Lagrange equation, ie. in local coordinates
dx/dt=G(x, x,t), dx/dt=x. Let By denote the ball in TM,, of radius K, about
the zero vector. Let ¥, _,: Bx — M be the mapping which assigns to (e By the
value y(b) where y:[a, b] —» M is the unique solution of the Euler-Lagrange equa-
tion with dy(a)=¢. This is a difftomorphism of Bg onto a subset of M which
contains the ball of radius (b—a) K/2 about m, provided ¢ is small enough,
since d x/dt=x. This proves our formulation of Weierstrass’s theorem. [J

In § 5, we asserted that the unique invariant measure supported by a KAM
torus which is a graph is minimal. For this, we use the remark of Herman
[13] that such a torus is a Lagrangian submanifold and proceed just as before.
I am indebted to J. Moser for pointing out to me that it is possible to apply
Weierstrass’s theorem to prove that the trajectories which lie in a KAM torus
are minimal.
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