CONDITIONAL EXPECTATIONS ON FELL BUNDLES

FERNANDO ABADIE

ABSTRACT. We show that the existence of a continuous conditional
expectation from a Fell bundle to a Fell subbundle implies that the
full cross-sectional C*-algebra of the subbundle is contained in the full
cross-sectional C*-algebra of the bundle, and moreover there exists a
conditional expectation from the latter algebra to the former. A similar
fact holds for the reduced cross-sectional C*-algebras. Besides, the
subbundle is amenable whenever so is the bundle.
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1. INTRODUCTION AND PRELIMINARIES

A very important concept in probability theory is that of conditional
expectation. Adapted to the “non-commutative” realm of operator algebras,
here too it became an important tool, first for von Neumann algebras and
then for C* algebras. In this case, the conditional expectation is a certain
type of linear operator from an algebra to a subalgebra (we refer to [15] for a
nice description and applications of this passage from the classical probability
theory to the world of operator algebras).

If A is a C*-subalgebra of a C*-algebra B, a conditional expectation
from B to A is a linear map E : B — A such that E? = E (ie.: FE is
an idempotent), E(B) = A, E(aba’) = aE(b)d’ for a,a’ € A, b € B, and
moreover E is completely contractive and completely positive (ccp). However,
thanks to Tomiyama’s theorem [7, Theorem 1.5.10], they can be more easily
described simply as contractive idempotents whose range is a C*-subalgebra.

Conditional expectations have been studied in particular in relation to
one of the most important constructions in operator algebras, that of crossed

products of C*-algebras by groups ([5], [6], [14], [13], [16]).
1
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In addition to crossed products, there are a variety of other constructions
that give rise to graded algebras over groups that are equally useful, and
for which it would be nice to enjoy similar results as for crossed products.
Fortunately, such algebras can often be described as sectional algebras of
Fell bundles.

Thus in this paper we study conditional expectations on Fell bundles. In
order to describe briefly what we will do, we will use some terminology and
notation that we will only introduce towards the end of this section, and to
which we refer the reader.

If A is a Fell subbundle of a Fell bundle B, it is not in general true that
C*(A) is a C*-subalgebra of C*(B). Some recent examples of this situation
can be found in [18] in the realm of crossed prodcuts, and even for Fell
bundles over discrete groups, as shown in [8, Proposition 21.7]. On the other
hand, there are some cases in which we know that C*(A) is a C*-subalgebra
of C*(B), for instance when A is an hereditary Fell subbundle of B (see
[3, Theorem 4.3] and [2, Corollary 5.4]). Further back in time we have
the following result from Itoh in relation to crossed products [14] (see also
[16] for the case of discrete groups): suppose « is an action of the locally
compact group G on the C*-algebra B, A is a a-invariant C*-subalgebra
of Band F : B — A is a conditional expectation from B to A such that
atFE = Eay, Vi € G. Then A x,, G is a C*-subalgebra of B x, G, and F
can be extended to a conditional expectation E* : B X, G — A X, G. This
can be translated to the language of Fell bundles as follows. Let B=G x B
and A = G x A be the semi-direct product Fell bundles associated to the
actions « and a4 respectively, so that A is a Fell subbundle of B. The
conditional expectation E : B — A extends to a map (that we also call)
E : B — A by means of E(r,b) := (r, E(b)), ¥(r,b) € B. It is easy to see that
this new F is a conditional expectation from the Fell bundle B to its Fell
subbundle A according to Definition 2.1 below. Then Itoh’s result says that,
in this case, there is an inclusion C*(A) C C*(B), and that the conditional
expectation E defines a conditional expectation E* : C*(B) — C*(.A). This
is exactly the first main result we want to prove (Theorem 3.4), but with
the only assumption that A is a Fell subbundle of B and the existence of a
conditional expectation between them.

On the other hand, one can consider the same situation, but replacing
the full cross-sectional C*-algebras of the Fell bundles by the reduced cross-
sectional ones. In this case there is no need to worry about the inclusion of
C(A) in C*(B), which always holds ([1, Proposition 3.2], and [10, Proposi-
tion 21.3] for a simple proof in the discrete group case), but it is worth asking
whether there is also a conditional expectation E” : C}(B) — C(A) between
them. Again, this situation has been already considered by Itoh in [13] and
Khoshkam in [16] for actions of general locally compact groups and of discrete
groups respectively, and by Exel for Fell bundles over discrete groups ([10,
Theorem 21.29]). We will also show (Theorem 4.7) that the above-mentioned
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results of I[toh, Khoshkam and Exel generalize for any conditional expectation
E : B — A between Fell bundles over arbitrary locally compact groups.

Although we assume that the reader is familiar with the basic definitions
and facts surrounding Fell bundles over locally compact groups, to fix the
notation and terminology we recall below some of the objects we will be work-
ing with. The reader is referred to the treatise [12] for complete information
on this topic.

If B = (B¢)teq is a Fell bundle over the locally compact group G, we
denote by C.(B) the vector space of compactly supported continuous sections
of B. It is a locally convex topological space with the inductive limit topology
determined by the family of subspaces Ck (B) := {f € C.(B) : supp(f) C K},
K C G compact. Besides, C.(B) is a x-algebra (“the compacted x-algebra
of B”), with the product given by convolution: f xg(t) := [ f(s)g(s™'t)ds
(integration with respect to the Haar measure of G) and involution given
by f*(t) := A~Lf(t71)*, where A is the modular function of G. More-
over, |[flli :== [, IIf(t)[|dt is a norm on C,(B), with which it becomes a
normed *-algebra. Its completion, L'(B), is a Banach *-algebra whose
non-degenerate representations correspond to the non-degenerate represen-
tations of B (integration of representations of B gives representations of
LY(B)). Tts universal enveloping C*-algebra, denoted C*(B), is called the
full cross-sectional algebra of B. Consequently we have a bijective corre-
spondence between non-degenerate representations of B and non-degenerate
representations of C*(B) (see [12, VIII]) for the precise statements.

Among the representations of B, there is one of special importance, the
left regular representation. The space C.(B) is also a right B.-module with
(fb)(t) := f(t)b,Vf € Cu(B),b € B. and t € G (here e denotes the identity of
the group G). Moreover, the map Ce(B) x Co(B) 2 (f,9) — [ f(r)*g(r)dr €
B, is a pre-inner product on C.(B), so by completing we obtain a full right
Hilbert Be-module (L*(B),(,)12(5)). Given by € B; and £ € C,(B), we have
that Aft (&) : G — B, given by Aﬁ (€)(r) := b&(t~'r) is a continuous section
of B, so it belongs also to L?(B). It can be shown that, in fact, the map
&= Aft ¢ can be extended to an adjointable map in L?(B), and it turns out
that b — AbB is a representation of B: the left regular representation of B
The image of C*(B) under the (integrated form of the) representation A5 is
called the reduced cross-sectional algebra of B, and it is denoted by C}(B).
Of course C(B) C L(L?*(B)), the C*-algebra of adjointable operators on
L*(B). When A5 is injective, so we can identify C*(B) and C*(B), it is said
that the Fell bundle B is amenable.

The organization of the article is as follows. In the next section, after
defining and studying some basic properties of conditional expectations, we
study some maps on certain auxiliary C*-algebras M¢(B) associated with
the bundles, which will prove helpful to prove, in the third section, our
first main result. There we extend the conditional expectation E to a map
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E¢: C.(B) = C.(A) such that E°(f)(t) = E(f(t)), we show that we have
an inclusion C*(A) C C*(B), and that the map E° extend to a completely
positive and completely contractive map E" : C*(B) C C*(A). To do it
we use the results of the second section, and, crucially, the correspondence
between functionals of positive type and cyclic representations of a Fell
bundle. Then, using that the norm of a completely positive map can be
computed using approximate units, we see that E" is in fact completely
contractive, and therefore a conditional expectation. As an application
we show that if B is amenable, then so is A. We also give an application
concerning the C*-algebras M¢(B). In the last section we prove the second
main result. For this we make a heavy use of a concrete way to see C*(.A)
inside C*(B), as well as the possibility of creating a useful Hilbert module L?
using the conditional expectation F, which allows to conveniently combine
the regular representations of A and B.

2. CONDITIONAL EXPECTATIONS ON FELL BUNDLES

Definition 2.1. Let B = (B;):cc be a Fell bundle over the locally compact
group G, and let A = (A¢)ieq be a Fell subbundle of B. A continuous idem-
potent quasi-linear map F : B — A is said to be a conditional expectation
from B to A if E(B) = A, ||E|p.|| = 1 and E(aba’) = aE(b)d’, Vb € B,
a,a’ € A.

Recall that F is said to be quasi-linear when E : By — A; is linear for
each t € G.

It is clear that if E' is such a conditional expectation, then F(a) = a
Va € A, and also that the restriction of E to B, is a conditional expectation
from B, to A, in the sense of C*-algebras.

As we shall see in Corollary 2.5, the definition above implies that || E|p, || <
1, Vt € G. In view of Tomiyama’s theorem one may ask whether the bimodule
condition is strictly necessary or can be replaced by the requirement that
E be contractive in each fiber, but we have not attempted to answer this
question.

In our definition of conditional expectation we do not require condition (i)
nor the boundedness of the maps P, of [10, Definition 21.19]. However, as
it will follows from Lemma 2.4 and Corollary 2.5 below, such requirements
follow automatically, so both definitions are actually equivalent.

Example 2.2 (Canonical expectations). An important role in the theory of
Fell bundles over discrete groups, in particular in relation to the question of
amenability (see [8]), has been played by the canonical expectation E : B —

) b ifbe B,
Be given by E(b) = (we look at Be as a Fell bundle over the

0 ifb¢ B,
trivial group {e}).
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More generally, given a subgroup H of G, one can define Fy : B — By

b, ifteH ) .
by Eg(b) = , Vb; € B;. Here By is the retraction of B to H.
0 ift¢H

Example 2.3 (Inflations). Given a Fell bundle B, we can form the Fell bundle
M, (B), such that M, (B); := M,(B;), ¥t € G. Moreover, if E: B— Ais a
conditional expectation from B to A, the inflation E,, : M, (B) — M, (A),
such that E,,(b;;) := (E(bsj)), is clearly a conditional expectation from M,,(B)
to My, (A). Alternatively one can see M, (B) as M, ® B in the sense of [4],
so F,, becomes Id ® E.

Since the restriction E|p, : B — A, is a conditional expectation, it
satisfies E(b*) = E(b)* and E(b*b) > E(b)*E(b) Vb € B.. In fact we can

remove the condition b € B,:

Lemma 2.4. Let E : B — A be a conditional expectation from B to the Fell
subbundle A of B. Then E(b*) = E(b)* and E(b*b) > E(b)*E(b), Vb € B.

Proof. Let b € By and a € A;. Since a*b € B, and the restriction of E to B,
is a conditional expectation, we have

(E(b") — E(b)*)a = E(b*a) — E(a"b)* = E(b*a) — E((a"b)*) = 0.

Thus E(b*) — E(b)* = 0, for one can take a = (E(b*) — E(b)*)*. The last
statement follows from the first one:

0 < B((b" — E(b)*)(b— E(b))) = E(b"b — b*E(b) — E(b)*b + E(b)*E(b))
= E(b*b) — E(b*E(b)) — E(E(b)*b) + E(E(b)*E(b)) = E(b*b) — E(b)*E(b).
U
Corollary 2.5. FE is contractive: ||E(b)|| < [|b]|, Vb € B.

Proof. Since 0 < E(b)*E(b) < E(b*b), we have |E(b)||? = |[E(b)*E(b)|| <
| E(b*b)|| < ||b]|?, where the latter inequality follows from the fact that E|p,
is contractive by definition. O

We turn to prove our first main result. For this we will use some auxiliary
algebras that are linked to a Fell bundle, and that have already proved their
usefulness in other occasions (see for instance [3]).

Given t = (t1,...,t,) € G™, define

M(B) := {M € M, (B): Myj € By 1 Vi, j=1,....n},
Ne(B) := {N € M,(B): N;j € B;,B, 1 YV i,j=1,...,n},
J

and
Yi =By, ®---® By,

where the latter is a direct sum of right Hilbert Be-modules.
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It is easy to see that, with the usual linear operations, product and
involution of matrices, M¢(B) is a x-algebra, and that Y; is a left M¢(B)-
module (we think of the elements of Y; as column matrices). For instance, if
M, N € M(B), then

(MN)M = ZMLkaJ € Z Btitkletkt;l < Btit;“
k k

and a similar computation shows that M¢(B)Y; C Y;. Besides, N¢(B) is clearly
a closed x-ideal of M¢(B). Note that, in fact, we have:

(1) KW = K(&i1By;) = (K(By,, Byy)i'j=1 = (B, By,)ilj=1 = Nt(B).
On the other hand Y; is a full right Hilbert J¢(B)-module over the ideal J¢(B)
of Be, where Jy(B) := > | Bf By,. Therefore Y; is an equivalence bimodule
between N¢(B) and J¢(B). We denote by (,); and (,), the corresponding
left and right inner products of Y.

For t = (t1,...,t,) € G" and r € G, we put tr = (tyr,...,t,r) € G".
Note that Mg (B) = M¢(B), Vr € G, and that M¢(B)Yy, C Yi,, and N (B) =
(Bt;rBi )i j—1 is also an ideal in M¢(B).

Proposition 2.6. Let t = (t1,...,t,) € G". Then
Me(B) = Span{Ntt,gl(B) ck=1,...,n} = span{Ng,-1(B) : r € G}.

Proof. The preceding comments imply span{Nttgl(B) ck=1,...,n} C
span{Ng,-1(B) : r € G} C M¢(B). On the other hand, by (1) the (4,)
component of span{Ntt;1(B) :j=1,...,n} is the set > | Btitr_nlB;t:nl’
which clearly contains B, b the (4, j) component of M¢(B). This shows that
M¢(B) C Span{Ntt? (B) : k=1,...,n}, which ends the proof. O

Corollary 2.7. Let t = (t1,...,t,) € G", and M € M¢(B). Then M is a
positive element of the C*-algebra M¢(B) if and only if Vk = 1,...,n and
Yy € Ytt;l we have (My,y), > 0. More explicitly M = (M) € M¢(B)" <=

> =1 Yi Mijy; € BE V(y1,. .. un) € Ytt; and k=1,...,n.

Proof. 1t is clear that the positivity of M implies that (My,y), > 0Vy € Yttlzl

and Vk = 1,...,n. To prove the converse, suppose that M satisfies this
latter condition. Since Y;,-1 is a Hilbert (M¢(B) — Be)-bimodule, we have
k

a homomorphism Pyt M¢(B) — E(Ytt;l), given by u(N)y := Ny. Note
that p is injective when restricted to each Ntt;1(8), and in fact above we
identified Ntt,jl(B) with IC(Ytt;l) under this homomorphism. According
to [17, Lemma 4.1], our assumption implies that ,u,t;1(M) is a positive
element of L’,(Ytt;l), Vk = 1,...n. Define p : M¢(B) — @Ezlﬁ(Ytt;l) by
w(N) := (pt;1(N))k:17...7n, VN € M¢(B). Then (M) is positive in the C*-
algebra @ZZIL’(YU?), and to see that M is positive it is enough to prove
that p is injective. So let N & ker . Since Nttgl(B) is an ideal in M¢(B),
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we have NNtt;1(B) - Ntt?(B). But ,u(NNtt;l(B)) = /J,(N),U,(NUE(B)) =0
and g is faithful on Ntt;1(l’>’), which implies NNttlzl(B) =0,Vk=1,...,n
Then, by Proposition 2.6, we conclude that NM¢(B) = >, NNttlzl(B) =0.
Hence N = 0, which ends the proof.

O

Proposition 2.8. Let E : B — A be a conditional expectation from B to
A, and t € G". Let Ey : M¢(B) — M¢(A) be such that Ex(M) = (E(M;j)).
Then Ex is an idempotent and positive M¢(A)-bimodule map, whose image is

Me(A).

Proof. Tt is clear that E? = Ey and E¢(M¢(B)) = M¢(A), and it is easy to
check that Ey(NiMN2) = Ny E¢(M)Na YNy, No € Me(A), M € Me(B). Let
us show that Fy is positive. Let u,v € G, m = (my,...,my,) € Y. (B)
and y = (Y1,...,Yn) € Yru(A), and let M = (m,m); = (m;mj), so M €
K(Yiu)t € M(B)T. Then x := miyi+- - -+mhyn € By—1,. Since E(y;) = y;
and E(m}) = E(m;)" Vj, we have

E@) E(x) = ) y;E(mj)E(mi)*yi = ((E(mi)E(m;)*)y, )

ij=1
= ((En(m), En(m))1y, y)r,

where E,, : B® — A" is such that E,(by,...,b,) = (E(b1),...,E(b,)). On
the other hand:

n
E(z*z) = Y yiE(mymi)y = (E(mim}))y,y)r = (Ee((m,m))y, y)r
i,j=1
Now, 0 < E(x)*E(zr) < E(z*z) by Lemma 2.4, which in view of the
computations above, together with Corollary 2.7, yields E¢((m,m);) —
(En(m), E,(m)); € M¢(A)t. In particular we have that Fy((m,m);) €
Me(A)F. Thus Ee(3p_ (m®), mF))) € Me(A)F S Me(B)T, vmW, ... m™ ¢
UueaYeu- It follows that Ey is positive, by Proposition 2.6 and the well known
fact that the positive cone of a sum of ideals agrees with the sum of the
positive cones of these ideals. O

As an application of the main result of the next section, Theorem 3.4, we
will see later, in Proposition 3.9, that F¢ is in fact a conditional expectation
from Mt(B) to Mt(.A) .

3. CONDITIONAL EXPECTATION ON THE FULL C*-ALGEBRA

If E' is a continuous conditional expectation from B to A, and f € C.(B),
then E°(f), defined to be E¢(f)(t) := E(f(t)), is obviously an element of
C.(A). This defines a map E°: C.(B) — C.(A) which is idempotent with
image C.(A), and also a C,(.A)-homomorphism of C.(.A)-bimodules.

If C%(B) is a C*-completion of C(B) and it turns out that E° is continuous
in the norm of C}(B), then we refer to the continuous extension of E° as



8 FERNANDO ABADIE

the unique extension of E to C}(B). In what follows (& : Cx(B) — C.(B)
indicates the natural inclusion.

Proposition 3.1. Let E : B — A be a continuous conditional expectation
from B to A, and let E° as defined previously. Then:

(1) E€ is a surjective and contractive map in the uniform norms of C.(B)
and C.(A). Moreover E¢(Ck(B)) = Ck(A), for each compact subset
K of G.

(2) E€: C.(B) — C.(A) is continuous in the inductive limit topologies
of these spaces.

Proof. By recalling, from Corollary 2.5, that E is contractive, and observing
that C.(A) C C.(B), the first statement follows at once from the comments
preceding the proposition. To prove the second statement is enough to see
that E¢o 8 : (Cx(B),] |lso) = (Cc(A),T4) is continuous, for each compact
subset K of G. But E¢o L?{ = Lé o E° |CK B), and E¢|c, () is continuous in
the uniform topologies by (1). Since ¢7 : (Cx(A), || lloo) = (Ce(A),74) is
continuous, we are done. O

A crucial ingredient in the proof of our first main result is the correspon-
dence between cyclic representations and linear functionals of positive type
of a Fell bundle. For the convenience of the reader, and in order to establish
some notation, we recall the basic facts about this theory developed by Fell
n [11] (see also [12, VIII.20-21)).

A functional of positive type on a Fell bundle B is a continuous quasi-
linear map ¢ : B — C such that for any finite sequence of elements by, ..., b,
in B we have szzl ©(bibj) > 0. For example, if 7 : B — B(H) is a
representation of B and { € H, the functional ¢ : B — C, given by
@e(b) = (m(b)&, &), is a functional of positive type. In fact, any functional of
positive type can be represented in such a way, and if one restricts to cyclic
representations, then the pair (7, &) is unique up to unitary equivalence. It
follows that |||, which is defined to be [l¢[| := supjpj<1 [¢(b)], is always
finite, and in fact ||¢|| = limy ¢(uy), where (uy)y is any approximate unit
of Be. In particular ||p¢|| = [|€]|>. If 7 : C*(B) — B(H) is the integrated
form of m, then ¢¢ : C*(B) — C (the integrated form of ¢) such that
Pe(x) = (R(w)E,€) is a positive linear functional, and |l¢¢|| = ||@e| = [|€]|*
If 7 : Cc(B) — C is the restriction of 7 to C¢(B), then ¢¢(f) = (7°(f)¢, &)
is a positive linear functional on C,(B), which is continuous in the inductive
limit topology of C.(B). Besides, any positive linear functional on C.(B)
that is continuous in the inductive limit topology is of this form. Note that

= Jo(m(f())§, E)dt Vf € Ce(B).

Lemma 3.2. Let ¢ : B — C be a linear functional of positive type, and let
t:= (t1,...,tn) € G™. Define ¢t : My(B) — C by oY(M) := >t j=1 P(Mij),
VM = (M;;) € Me(B). Then ¢ is a positive linear functional on M¢(B).
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Proof. We may suppose that ¢ = ¢¢ for some cyclic representation 7 : B —
B(H) with cyclic vector €. Tt is clear that wt : M¢(B) — M,,(B(H)) & B(H")
such that 7t(M) = (w(M;;)) is a representation and, if £t := (¢,...,€) € H™,
we have (M) = (rH(M)EL €Y so ¢t is a positive linear functional on
M¢(B). O

Corollary 3.3. Let E : B — A be a continuous conditional expectation
from B to A, and ¢ : A — C a linear functional of positive type. Define
o(b) :=Y(E(D)), Vb € B. Then ¢ is a linear functional of positive type, and

lell = [l1l-

Proof. A direct combination of Proposition 2.8 and Lemma 3.2 shows that ¢ is
a linear functional of positive type, since szzl @(brb;) = Yt o Ex(bib;) > 0,
Vbi,...,bp, € B. Now, note that (E(uy)) is an approximate unit of A,
whenever (u)) is an approximate unit of B. Thus

el = lim p(uy) = lim (B (uy)) = |01
0

Theorem 3.4. Let B be a Fell bundle over the locally compact group G, and
suppose E : B — A is a continuous conditional expectation from B to its Fell
subbundle A. Then C*(A) C C*(B), and E extends uniquely to a conditional
expectation E" : C*(B) — C*(A) from C*(B) to C*(A).

Proof. It || ||g and || || 4 denote the norms of C*(B) and C*(.A) respectively,
we know that || || < || |4 on C.(A). So to prove that they are equal on

C.(A), and therefore that CC(A)” s _ C*(.A), we need to prove the opposite
inequality. To this end, consider a representation 7 : A — B(H) such that
its integrated form 7 : C*(A) — B(H) is faithful and non-degenerate. Pick
§€ H,and let ¢ : A — C and ¢ : B — C be given by 9¢(a) = (7(a){,{)n
and ¢(b) := ¢(E(b)), Va € A, b € B. According with Corollary 3.3 and the
comments that precede it, both ¢ and ¢ are linear functionals of positive

type, and ||[¢¢| = [|¢]| = [|€]|*. In particular there is a cyclic representation
p : B — B(K) with cyclic vector 7, such that ¢ = ¢, that is p(b) = (p(b)n,n),
Vb € B. Note that ||| = /[l = /llvel = lI<]-

Now if f € Ce(B) we have ¢(f) = [ (m(E(f(1)))E, §)dt = (T(E°(f))§,&)-
Thus:

@) IAEIIP = 1a(H)nl* = @(F* * ) = (R(E(f* * [))E,€) >0,
where the latter inequality holds because ¢ is a positive linear functional.
Since (2) holds for any vector &, and ||n|| = ||£]|, we see that T(E(f* * f))

is a positive operator with norm bounded by || f||%. Since 7 is faithful, we
conclude that E¢(f* x f) is positive in C*(.A), and

3) LB P)lla = 7B+ I < IF+ flls-

So if g € Ce(A): |lgl%y = llg™ * gll.a = 1E(g* * 9)lla < llg" = glls = llgllz-
Thus || |4 < || ||z on C.(B), as claimed, and therefore C*(A) C C*(B).
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We next show that E° is continuous with respect to || ||5. Let &1,&2 € H,
and define v ke, (a) == (m(a)(&1 +1%€), &1 + %), Ya € A. Then by
polarization we can write:

3

Zlk< (a)(&1 +1 52) &1 +Zk§2 ZZ w§1+lk§2

k=0

=

(m(a)é1,&2) =
If @1 (b) 1= e, 4ine, (E(b)) Vb € B, as before there exist cyclic representations
(pk> ) such that o (b) = (ok(b)r, 7k), and [[ne]] = [|& +i*&a|l Yk = 0,1,2, 3.
Then, passing to the integrated representations, if f € C.(B) and ||| =1 =
1621l (s [lmw|| < 2):

[(m(E(f)Er, &2)] =

1 3 i 3 1 3
=3 Zi%@%(ﬂ(f)) = 2] = 5| D emem)
k=

i
o
i
o

3
<1 Il < 5 Z I sl < 411 s
k=0

It follows that

IE“(Nlls = [E(F)lla = IIm(E)I e ”S‘l‘lgpnzllﬁ(Ec(f))Sl,€2>| < 4[|/

Thus E° is continuous in || ||z, with ||E¢|| < 4, so it extends by continuity
to a positive idempotent map E* : C*(B) — C*(A) whose image is clearly
C*(A).

If B, : M,(B) — My(A) is the inflation of E (see Example 2.3), E,
is a continuous conditional expectation from M, (B) to M,(A). Thus by
the previous part of the proof we have C*(M,(A)) C C*(M,(B)), and we
have a conditional expectation (E,)" : C*(M,(B)) — C*(M,(A)) from
C*(My,(B)) to C*(M,(A)) that extends E,. On the other hand we can
consider the inflation (E*),, : M,,(C*(B)) — M, (C*(.A)). Under the natural
identifications C* (M, (B)) = M, (C*(B)), it is easy to see that (E*),, = (E")n,
because they are both continuous and they obviously agree on C.(M,,(B)) =
M, (C¢(B)). Thus each (E"),, is a positive map and |[(E"),|| < 4. In other
words, E* is a completely positive map such that || E||s < 4. Since E* is
completely positive, we in fact have || E| = || E||a = sup,, || E*(w, )|, where
(w,) is any approximate unit of C*(B) (see for instance [17, Lemma 5.3]). By
[12, VIIL5.11], we can take an approximate unit (hy,),) of C*(B) of the
form hyx = (v fa, where fy € C.(B) is such that (fx(e)), is an approximate
unit of Be and || fi|lcc <1 VA, and ¢y € C¢(G) is a non-negative continuous
function with support contained in the compact neighborhood V of e, and
such that [, ¢y =1 VV. Therefore:

@) B vl = I (E (v I = o (7 (E(Cv fr))é1: &2)]
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We have
) IWF@ﬁMﬁM—M V06, &)t

< [ wle A(fﬁﬂ@</®\Emmmwwﬁ

Now, since E is contractive, ||filloo < 1 and [, (v (t)dt = 1, from (4) and
(5)-(6) we conclude that ||E"(|s = supy, [|E“(Cv fa)]| < 1, which ends the
proof. O

Definition 3.5. In the conditions of Theorem 3.4, we will say that the
conditional expectation E* is the integrated form of the conditional expecta-
tion F.

Corollary 3.6 (Amenability). Let B be a Fell bundle over the locally compact
group G, and suppose E : B — A is a continuous conditional expectation from

B to its Fell subbundle A. If C*(B) = C}(B), then also C*(A) = C}(A).

Proof. By Theorem 3.4, C*(A) is the closure of C.(.A) within C*(B), and
on the other hand C(A) is the closure of C.(A) within C(B) ([1, Proposi-
tion 3.2]). Since C*(B) = C}(B), we then conclude that C*(A) = C(A). O

Remark 3.7. If B is a Fell bundle over the locally compact group G, we denote
by G4 the group G with the discrete topology, and by B, the Fell bundle over
G4 obtained by B by forgetting its original topology, so By is just the disjoint
union of the Banach spaces By, t € G. Then it is clear that if £ : B — A
is a continuous conditional expectation, then F : By — A, is a conditional
expectation as well. Therefore we also have that C*(Ay) C C*(By) and E
defines a conditional expaectation EY : C*(Bq) — C*(Ag).

Proposition 3.8 (Functoriality). Let E : B — A and F' : D — C be
continuous conditional expectations on the Fell bundles B and C, and suppose
that p : B — D is a homomorphism of Fell bundles that intertwines E and
F: poE = Fop. Then, the induced homomorphism p : C*(B) — C*(D)
intertwines E* and F*“.

Proof. Tt is immediate that p.o E°(f) = FCop.(f) Vf € Ce(B), so the result
follows from the continuity of the maps po E* and F*" o p. (]

Proposition 3.9. Let E : B — A be a conditional expectation from B to
A, and t € G". Let Ex : M¢(B) — M¢(A) be such that Ex(M) := (E(M;;)).
Then Et is a continuous conditional expectation from M¢(B) to M¢(A).

Proof. The continuity of Ey follows at once from that of E, since the con-
vergence in M¢(B) and in M¢(A) is the convergence entrywise. For the rest
of the proof we do not lose generality by assuming, as we will do, that the
group G is discrete (see Remark 3.7). Since F¢ is an idempotent positive
map onto M¢(.A), we only need to prove that || E¢| < 1.

Let # : A — B(H) be a non-degenerate representation of A on the
Hilbert space H, and 7 : C*(A) — B(H) the integrated representation of
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7. Therefore mw(a;) = T(adt) Var € Ay, t € G, where a;0; € Ce(A) C C*(A)
is such that a;0;(r) = a; if r = t,and a;6¢(r) = 0 otherwise. We will
suppose that 7|4, is faithful. Then the restriction of 7 to each fiber is
isometric and therefore injective. Define ¢ : M¢(A) — M, (B(H)) = B(H")
by mi(N) = (m(Ny;)) (recall that n = [t], and that N;; € A, 1 Vj =
1,...,n). It is immediate to check that m¢ is a faithful represen‘éation of
M¢(A). Consider now the conditional expectation E* : C*(B) — C*(A)
provided by Theorem 3.4. Then the composition 7o E* : C*(B) — B(H) is
a completely positive and completely contractive map. Thus by Stinespring’s
theorem [7, Theorem 1.5.3 and Remark 1.5.4] there exist a non-degenerate
representation p : C*(B) — B(K) and a contraction W € B(H, K), such that
moE%(x) = W*p(x)W,Vz € C*(B). Let p: B— B(K) be the desintegrated
representation of p. For M = (M;;) € M¢(B) we have:

T (Ey(M)) = (7(E(M;5))) = (ﬁ(E(Mij)(Stit;1)) = (ﬁ(Eu(Mij tit;1))
= (W*E(Mij tit]._l)W) =W, (IO(MZJ))W” = Wy pt(Mij) W,

where W,, = diag,, (W, ..., W). Then, since m¢ is isometric and W,, and p are
contractions, we conclude that

IB(M)]| = ||me(Ee(M)) || = W pe(Mig) Wl < W[l pe(Mig)|| < [1M]].

Therefore Fy is contractive, which ends the proof. O

4. CONDITIONAL EXPECTATION ON THE REDUCED C*-ALGEBRA

We will see next that any continuous conditional expectation £ : B — A
from the Fell bundle B to its Fell subbundle A can be extended to a conditional
expectation E” : C)(B) — Cj(A). Let us call 4 : A — B the natural inclusion.
Recall that C(A) can be identified with the closure of the natural inclusion
of u®: Co(A) — C.(B) within C}(B) [1, Proposition 3.2]. However, the fact
that, as in our case, we have that C*(A) C C*(B), allows us to give a very
concrete way of identifying C}(A) inside C}(B):

Proposition 4.1. If A is a Fell subbundle of the Fell bundle B such that
C*(A) C C*(B), then the map A2 AB from C*(A) to C*(B) is a well

defined isometric homomorphism of C*-algebras.

Proof. Let B be a Fell bundle over the locally compact group G, 7 : B — B(H)
be a represntation of B on the Hilbert space H, and A : G — B(L*(G)) the left
regular representation of G. Let 7y : B — B(L?*(G)®H) be the representation
(b)) = A\ @ w(by). We also denote by 7\ : C*(B) — B(L*(G) ® H)
the corresponding integrated representation. Let C%(B) := m\(C*(B)) C
B(L?*(G) ® G). In [9] it was proved that, in case 7|p, is faithful, then there
exists an isomorphism ¥z : C%(B) — Cf(B) such that AZ = Wgm,(v),
Ve € C*(B). Let p := w|a : A — B(H) be the restriction of 7 to the
Fell subbundle A. If 7|p, is faithful, then so is p|4,, so by the above
mentioned result there exists an isomorphism W 4 : Cx(A) = C)(A) such
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that A = Wumy\(y), Vy € C*(A). Since C*(A) C C*(B), it is clear that
px = Talc=(4), and the following diagram commutes:

(7) C*(A)— C*(B)

R

ClA) > Ch(B) > Ci(B)

>
2 =

Cr(A)

=

So if A;j‘ = 0 for some y € C*(A), then the diagram implies that also
Ag = 0. Therefore we have a well defined map u" : C(A) — C}(B) such
that M’(A;j‘) = AS . Now it is clear that this is a homomorphism of x-algebras,
so it is contractive. But again the diagram shows that AS = 0 implies A;/“ =0,
so the homomorphism is isometric. O

Proposition 4.2. The map E°: C.(B) C L*(B) — C.(A)

C L2(A) extends
by continuity to a contractive A.-linear map Eo : L*(B) — L?(

2A)

Proof. Since E is a conditional expectation into A, if n € C.(B) and a € A,
we have: Ef(na)(t) = E(n(t)a) = E(n(t))a = E°(n)(t)a = E°(n)a(t), so
E€(na) = E€(n)a. As for the continuity, if n € C.(B):

w%mvwmm—/E%mv m—/E n(r))dr
= | Btr)E W</E (mewwﬂ

E((n, 77>L2(B))

Then
1B 7200y = IKES(), BS(0)) L2yl < 1B () 22()
< mm) 2l = 1nll72 -
U
Consider now the map [, ] : L?(B) x L?(B) — A, given by [£,71] =

E((§,m)r2(3))- Then [, ] is a semi-inner product on the right A.-module
L2(B), so & +— ||[£,&]||'/? is a seminorm on L?(B). Let L2 be the Hausdorff
completion of L*(B), and P : L?(B) — L% the canonical map. Then L%
is a right Hilbert A.-module with the inner product (,)g characterized by

<P‘57P77>E - [5777]7 that is <P57P77>E = (<§7 >L2 B)) (See [177 pages 374])

Proposition 4.3. Let T € L(L*(B)), Then T induces an adjointable oper-
ator TE € L(L2%), characterized by TEP¢ = PTE, V¢ € L2(B). The map
op : L(L*(B)) — L(L%) thus defined, T — T, is a unital homomorphism
of C*-algebras.
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Proof. Given ¢ € L%(B), we have T¢ € L?(B). Now, since E is increasing,
and using [17, Proposition 1.2], we have:

(PTE, PT ) p = E((TE, TE) 1)) = E(T™TE, &) 128))
<|TIPE(E &) r2s) = ITIP(PE, P&

which shows that P& — PT¢ is a bounded map with norm at most equal
to | T, so it extends to a bounded map T* : L% — L2%. Moreover, if
&1 € L*(B):

(TP P¢, Py)p = (PTE, P)p = E((TE, 1) 12(5))
= E((¢,T*n) 12(5)) = (P&, PT*n)p = (P&, (T*)F Pn)g.

Thus TF is adjointable and (T¥)* = (T*)¥. The rest of the proof is routine
and left to the reader. O

Proposition 4.4. Let V : L>(A) — L% be given by V& := PE. Then V is
an adjointable isometry, whose adjoint V* is determined by V*Pn = E°n,
Vn € C.(B).

Proof. 1f &1,& € L*(A): (V&1,Vé)p = (P&, Pé)r = E({61,&2)12(8))
= E({&1,&2)12(4)) = (§1,82) 12(4), Which shows that V' is an isometry.

Now if n € C.(B), as shown along the proof of Proposition 4.2, we have
(E(n), () L2a) < E((0,m) 12(8)) -

Thus the map Pn — E°n from P(C.(B)) to C.(A) is well defined and is
contractive, so it extends to a contraction L% — L?(A). Finally, if £ € C.(A),
n € Cc(B):

(VE, Py = (PE, Py = E((€.0) 1205) / £(r

- /G B(E(r) n(r))dr = /G E(r) E(n(r))dr = /G £(r)* <) () dr
— (¢

ES(n)) 24
Consequently V' is adjointable, and V*(Pn) = E¢(n) Vn € C.(B). O

The isometry V is useful to better understand the structure of the Hilbert
Ac-module L%. For if e := VV* € (L%), then e*e = (VV*)(VV*) =
V(V*V)V* = VV* = e, so e is a projection. Thus we can decompose
L% =Y @Y+ as Hilbert Ac.-modules, where Y = e(L%) = V(L%(A)) (and

LY) LYhY)
LYY L) )

By means of the isometry V we still define one more map that is important
to our purposes, namely Ady : £(L%) — L(L?(A)), such that Ady(S) :=
V*Sv.

therefore Y+ = (id — e(L%))). Then L(L3;) = <
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Lemma 4.5. Let 2 € C*(B). Then we have Ady((AB)F) = Aéu(z) Vo €
C*(B), that is, the following diagram is commutative:

Proof. Given ¢ € C.(A) C L?(A) and f € C.(B) C C*(B):
VH(ADPVE = VIPATE = E(f + &) = B°(f) * & = Aoy (6)-

Then V*(A?)EV = Aéc(f) Vf € C.(B). Since C.(B) is dense in C*(B)
and E" is the continuous extension of E¢ to C*(B), we conclude that the
continuous maps x — V*(AB)FV and z — Aéu(x) agree. O

Define ¢ : L(L*(B)) — L(L*(A)) by ¢ = Ady o ¢ (Proposition 4.3 and
Lemma 4.5). According to Lemma 4.5 we have ¢(AS) = Aéu(x) Vo € C*(B),
so we have ¢(Cx(B)) = C}(A).

Proposition 4.6. The map ¢ is a positive contraction, such that (b(Aff) =
Aé“(a:) for all z € C*(B). Besides ¢(C;(B)) = C;(A) and ¢pp" = Idcx(a)
(the map p" was defined in Proposition /.1).

Proof. Since V is an isometry, Ady is a contraction, and is clearly positive
as well. Also ¢ is a positive contraction, being a homomorphism of C*-
algebras. Therefore ¢ = Ady o g is also positive and contractive. The
fact that ¢(AB) = Aéu(x) is just a rephrasing of Lemma 4.5, from where
it follows also that ¢(C(B)) = C!(A). Finally, if y € C*(A), we have
¢ (M) = $(AF) = A,y = Ay, which shows that ¢p” = Idgs(a). O

We arrive now to our second main result of this work: up to naturally
identifying C(.A) inside C}(B), we can extend the conditional expectation
E : B — A to a conditional expectation E" : C}(B) — C}(A) between their
reduced cross-sectional algebras.

Theorem 4.7. Let E : B — A be a continuous conditional expectation from
the Fell bundle B to its Fell subbundle A, and let C := p"(C}(A)) C C}(B)
(Proposition 4.1). Then E can be extended to a conditional expectation
E": C*(B) — C. More precisely, the map given by E"(AB) := ,u’"(gb(Agu(x))),
VAB ¢ C*(B), is a conditional expectation from C;(B) to C.

Proof. The map E” is a positive contraction, because both p" and ¢ so are.
Moreover E"(C}(B)) = p"(¢(Cr(B))) = u"(Cr(A)) = C. Let z € C*(B) and
y € C*(A), so AB € C;(B) and AP € C. We have

r(ABABY _ priaB Y\ _ AB _AB _AB B _ priaByAB
E (A:vAy) =F (Axy) - AEu(a:y) - AE“(:r)y - AE"(Z)Ay =F (Am)Ay
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Similarly, we have E"(ASAB) = ABET(AP). Consequently, E" is a C-
bimodule map. Finally, since ¢pu" = Idcs (4, for AB € C¥(B) we have:

(B")?(AB) = B (" (6(Afu()))) = " (61" (6(ABu(,))) )
= 1 (6(ABu ) = E(AD).

Then (E™)? = E". We have shown that E” is an idempotent, positive, and
contractive C-bimodule map whose image is C'. That is, E" is a conditional

expectation. O
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