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Fractional convexity

is there a notion of convexity in the fractional setting?



Fractional convexity

Convexity

A function u: Q — R is said to Be convex in Q i£, for any two points x,y € Q
such that the seament [x,y] = {tx+ (1 —t)y : t € (0,1)} is contained in Q, it
holds that

u(tx + (1 — t)y) < tu(x) + (1 — t)u(y), vt € (0,1).



Fractional convexity

Convexity

A function u: Q — R is said to Be convex in Q i£, for any two points x,y € Q
such that the seament [x,y] = {tx+ (1 —t)y : t € (0,1)} is contained in Q, it
holds that

u(tx + (1 — t)y) < tu(x) + (1 — t)u(y), vt € (0,1).

Nortice that v(tx + (1 — t)y) = tu(x) + (1 — t)u(y) is just the solution to the
equation
v =0 in the seament [x,y]

that verifies v(x) = u(x) and v(y) = u(y).



Fractional convexity
Definition
Given s € (0,1),

L(R) = {feL,OC( ): /RN(I_:|(T7-|;|1+25d7<oo}.

A function u € L (RV) is said to Be s—convex in Q if

-t — u(x +tz) € L(R) for any x € Q and z € RN with |z| = 1;
- For any two points x,y € Q, such that the seament [x,y] is contained in Q,

it holds that
u(tx + (1 — t)y) < v(tx + (1 — t)y), vt € (0,1) (1)
where v is a viscosity solution of
. v(rx+ (L= r)y) = v(tx + (L - t)y)
ASv(tx + (1L —t)y) = Cs / P dr=0, Vte(0,1),
v(tx + (1 —t)y )—u(tx+ (1-1t)y vt & (0,1).

As usual, the intearal is to e understood in the principal value sense.



Fractional convexity

Definition

Is there a fractional convex function?
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Example
let u: R—R
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Fractional convexity

Example
let u: R—R
—(1—t%° ifte[-1,1],
u(t) =
0 i$|t] > 1.

202, B. Dyda proved that

y
1 u(t)

S

ASu(t)=T(2s+1)>0in (-1,1)



Fractional convexity

Example
let u: R—R

y
—(1—¢2)° iftel-1,1], ‘ u(t)
u(t) =

t
0 if |t > 1. W

202, B. Dyda proved that

ASu(t)=T(2s+1)>0in (-1,1)

Then, aiven two points in x,y € (—1,1),

Asu(tx + (1 —t)y) =[x —y|*T(2s +1) for t €(0,1).



Fractional convexity

Example

Thus, BY the maximum principle, i v is the viscosity solution of
Ajv(tx+(1—t)y) =0 t €(0,1),
vitx + (1 —t)y) =u(tx+ (1 —t)y) teR\(0,1),

then
u(tx + (1 —t)y) < v(tx+ (1 —t)y) Vte(0,1).
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then
u(tx + (1 —t)y) < v(tx+ (1 —t)y) Vte(0,1).

We conaude that uis s—convex in (—1,1).



Fractional convexity

Example

Thus, BY the maximum principle, i v is the viscosity solution of
Ajv(tx+(1—t)y) =0 t €(0,1),
vitx + (1 —t)y) =u(tx+ (1 —t)y) teR\(0,1),

then
u(tx + (1 —t)y) < v(tx+ (1 —t)y) Vte(0,1).

We conaude that uis s—convex in (—1,1).
The same argument shows that i£ u is a viscosity solution to

ASu(t) >0 in (a,b)

then uis s—convex in (a, b).
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Definition

Is there a fractional convex function? Mes! ©



Fractional convexity

Definition

Is there a fractional convex function? Mes! ©

is there a notion of convexity in the fractional settina? Yes! ©
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Fractional Convexity vs Convexity

R . ? . .
u 1s 8 convex function — 1 is 8 s—convex function



Fractional Convexity vs Convexity

Example
Let u: R — R e aiven By

) {(t—3)2 8 te24, u(t

~—

~

1 i t—3>1.

o -
~



Fractional Convexity vs Convexity

Example
Let u: R — R Be aiven Ry

~—

u(t) =

(t—3)? ik tel24], u(t
1 i t—3>1.

N+
N
~

Oeserve that uis a convex function in [—1,1].



Fractional Convexity vs Convexity

Example
Let u: R — R Be aiven ry

(t—3)2 ifte[2,4], u
) { | (1
1 £ |t — 3| > 1. f f t

Oeserve that uis a convex function in [—1,1].
On the other hand, for any x,y € [-1,1], i v is the viscosity solution of

Asv(tx+(L—t)y)=0 vt € (0,1),
vitx+ (1 —t)y) = u(tx+ (1 —t)y) VteR\(0,1),
By the strona maximum principle, we have that

1>v(tx+ (1—1t)y) Vte(0,1).



Fractional Convexity vs Convexity

Example
Let u: R — R Be aiven ry

(t—3)2 ifte[2,4], u
) { | (1
1 £ |t — 3| > 1. f f t

Oeserve that uis a convex function in [—1,1].
On the other hand, for any x,y € [-1,1], i v is the viscosity solution of

Ajv(tx +(1—t)y)=0 vt € (0,1),
{ vitx+ (1 —t)y) = u(tx+ (1 —t)y) VteR\(0,1),
By the strona maximum principle, we have that
1>v(tx+ (1—1t)y) Vte(0,1).

Therefore u is NOt s—convex.



Fractional Convexity vs Convexity

u is 8 convex function # u is 8 s—convex function



Fractional Convexity vs Convexity

Proposition (LMDP, A. Quaas and J. Kossh.}

Let s > 3, and u Be a convex function in RN such that t — u(x+tz) € Ly(R)
for any x € RN and any z € RN with |z| = 1. Then v is s—convex in RV.
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Fractional Convexity vs Convexity

ldea of the proo#

Let u: RY = R Be a convex function Then, since s > 1,
w(tx + (1 —t)y) =& (x — y)(t — to) + u(tox + (1 — tp)y) is 8 solution of
Asw=0if te(0,1) and w < u(tx+ (1 —t)y) i$ t £ (0,1)




Fractional Convexity vs Convexity

ldea of the proo#

Let u: RY = R Be a convex function Then, since s > 1,

w(tx + (1 —t)y) =& (x — y)(t — to) + u(tox + (1 — tp)y) is 8 solution of
Asw=0if te(0,1) and w < u(tx+ (1 —t)y) i$ t £ (0,1)

I£ v is the solution of
Asv=0ifte(0,1)and v=u(tx+ (1 —t)y) i# t £ (0,1).

w(tx + (1 —t)y) < v(tx+ (1 —t)y) VteR.
Therefore
u(tox + (1 — to)y) = w(tox + (1 — to)y)
< v(tox + (1 — to)y).



Fractional Convexity vs Convexity

R . ? . .
u I1s 8 convex function < u is 8 s—convex function



Fractional Convexity vs Convexity

Example
Let u: R — R e the solution to
ASu(x) =0 Vxe(0,1),
{ u(x)=f(x) VxeR\(0,1)

where f is 8 Bounded smooth function such that f(0) = f(1) =1, f > 1 with at
least one x such that f(x) > 1



Fractional Convexity vs Convexity

Example
Let u: R — R e the solution to
ASu(x) =0 Vxe(0,1),
{ u(x)=f(x) VxeR\(0,1)

where f is 8 Bounded smooth function such that f(0) = f(1) =1, f > 1 with at
least one x such that f(x) > 1
Oeserve that uis a s—convex function in (0,1).



Fractional Convexity vs Convexity

Example
Let u: R — R e the solution to
ASu(x) =0 Vxe(0,1),
{ u(x)=f(x) VxeR\(0,1)

where f is 8 Bounded smooth function such that f(0) = f(1) =1, f > 1 with at
least one x such that f(x) > 1

Oeserve that uis a s—convex function in (0,1).

On the other hand, u is smooth, continuous up to the Boundary and, By the
strona maximum principle, it holds that

1<u(x) ¥xe(0,1)

together with u(0) =u(l) =1



Fractional Convexity vs Convexity

Example
Let u: R — R re the solution to

{ Asu(x) =0 Vxe(0,1),
u(x)=f(x) VxeR\(0,1)

where f is 8 Bounded smooth function such that f(0) = f(1) =1, f > 1 with at
least one x such that f(x) > 1

Oeserve that uis a s—convex function in (0,1).

On the other hand, u is smooth, continuous up to the Boundary and, By the
strona maximum principle, it holds that

1<u(x) ¥xe(0,1)

together with u(0) =u(l) =1
Therefore, u is not convex in (0,1).



Fractional Convexity vs Convexity

u is 8 convex function < u is 8 s—convex function
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The first fractional eigenvalue
Local case

Let u e C3(Q). Then uis convex in Q if only if D?u(x) is positive semidefinite in
Q, that is
(D?u(x)z,z) >0 VYzeRN x Q. (%)



The first fractional eigenvalue
Local case

Let u e C3(Q). Then uis convex in Q if only if D?u(x) is positive semidefinite in
Q, that is
(D?u(x)z,z) >0 VYze RN xecQ. (%)

In terms of the eigenvalue of D?u, (x) can Be written as
A1(D?u(x)) = min {\: X is an eiaenvalue of D?u(x)}

= inf (D?*u(x)0.0) >0
nf (D2u(x)0,6) >



The first fractional eigenvalue
Local case

Let u e C3(Q). Then uis convex in Q if only if D?u(x) is positive semidefinite in
Q, that is
(D?u(x)z,z) >0 VYze RN xecQ. (%)

In terms of the eigenvalue of D?u, (x) can Be written as
A1(D?u(x)) = min {\: X is an eiaenvalue of D?u(x)}

= inf (D?*u(x)0.0) >0
nf (D2u(x)0,6) >

Theorem (A. OBer‘Mar\)]

A continuous function u is convex i only if u is a viscosity solution of

A1 (D?u(x)) > 0.




The first fractional eigenvalue

We define the first fractional ecienvalue of u as

Au(x) = inf{(:s/]R ulx+ t2) = u(x) dt: z ¢ SNl}

|t|1+2s



The first fractional eigenvalue

We define the first fractional ecienvalue of u as

Au(x) = inf{Cs/]R ulx+ t2) = u(x) dt: z ¢ SNl}

‘t|1+25
A function u: RY — R is a viscosity solution of
Au(x) >0 iInQ.

if forany x € Q, any z € SV any ¢ € C?(RY) such that ¢(x) = w(x) and
o(y) > w(y) in Bs(x) we have that t — w(x + tz) € Ls(R) and

( d(x + tz) — ()dt+/ W(X—I—tz)—w(x)dt>207
R\(—4,0)

|£|1+2s |£|1+2s

where w is the upper semicontinuous envelope of uin RV



The first fractional eigenvalue

,-[Tkeorem (LMDP, A. Quaas, and J. aossn.}

Let Q Be a Bounded strictly convex C? domain (that is, 8 Bounded domain
with C2-Boundary such that all the principal curvatures of the surface
0N are positive everywhere). Then u is s—convex in Q if only if uis a
viscosity solution of

Au(x) >0 iInQ.




The first fractional eigenvalue

Fractional truncated laplacian

20272 Birindelli, Galise, and Topp studied the followina operator

_ . ° u(x + tzj) — u(x n
I, u(x) =inf {Z CS/R ( |t|1J)r2s (x) dt: {z}],, € V,,}
i=1

where V, is the £amily of n—dimensional orthonormal set in RV,



The first fractional eigenvalue

Fractional truncated laplacian

20272 Birindelli, Galise, and Topp studied the followina operator

_ . ° u(x + tzj) — u(x n
I, u(x) =inf {Z CS/R ( |t|1J)r2s (x) dt: {z}],, € V,,}
i=1

where V, is the £amily of n—dimensional orthonormal set in RV,
Oeserve that
I u(x) = ANu(x).



The first fractional eigenvalue

Fractional truncated laplacian
20272 Birindelli, Galise, and Topp studied the followina operator
. = U(X-l-tZ,')— U(X) . n
) = inf {; CS/]R |£]1+2s dt: {z}{, € Vn}

where V, is the £amily of n—dimensional orthonormal set in RV,
Oeserve that
I u(x) = ANu(x).

They show
T7 u(x) = P u(x Z/\ (D?u(x)) 8s s — 1~

n
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The fractional convex envelope

Local case

Given a function g: 02 — R, the convex envelope of the Boundary datum g in
Qis
u*(x) = sup{u(x): uis convex in Q and u < g on 9Q}

That is, u* is the largest convex function in Q that is Below g on 99.
Moreover u* is the largest viscosity solution of the

A(D?u(x)) =0 in Q,
{ u(x) < g(x) on 0.



The convex envelope

Local case

r—[Tke_or‘e.M (A. Orerman and L. Silves—tr‘e_\]

I£ Qis strictly convex and g is continuous then u* is the uniQue viscosity

solution of
{ AM(D?u(x))=0 inQ,
u(x) = g(x) on 9.




The fractional convex envelope

Let s€(0,1) and g: RV \ Q — R. Let us call H(g) the set of s—convex functions
that are relow g outside Q,

H(g) = {u: uis s—eonvex in Q and verifies ulgv g < g}.

,_[Lemma (LMDP, A. Quaas, and J. aossn.j .

Let u € L35(RV) Be such that t — u(x + tz) € Ls(R) $or any x € Q and any

z € RN with |z] = 1. Then, u € H(g) i£ only i$ u is a viscosity solution to

ANu(x) >0 InQ,
u(x) < g(x) InRVN\ Q.




The fractional convex envelope

The s—convex envelope of an exterior datum g: RV \ Q — R is aiven gy

ul(x) =sup {u(x): ue H(g)}.

Osserve that u} is s—convex.



The fractional convex envelope

The s—convex envelope of an exterior datum g: RV \ Q — R is aiven gy

ul(x) =sup {u(x): ue H(g)}.

Osserve that u} is s—convex.
Is u* a viscosity solution of

ANu(x)=0in Q, u(x)=g(x)in RV\ Q?



The fractional convex envelope

Viscosity solution

A Bounded upper semicontinuous function u: RV — R is a viscosity sussolution
to the Dirichlet proelem

ANu(x)=f(x)in Q, u(x)=g(x)inR"\Q,

it u<gin RN\ Qand for each § >0 and ¢ € C*(RV) such that xq is 8 maximum
point of u— ¢ in Bs(xg), then

—Es(u8,0,x0) <0in Q, min{—Es;(u8, ¢, x0),u(x0) —g(x)} <0 on 9.

where
Es(uF, 6, %0) == Cs _inf / P + t2) ¢(X°)dr+/ w1 tz) — o) gy 1)
IR0 s s |t[1+2s R\(—4,5) |2[1+2e ’
u(x) i$ xeQ,
u8(x) = 1 g(x) i x e RV\Q,

max{u(x),g(x)} i# x € Q.



The fractional convex envelope

Attainagility of the exterior datum

,—[Tkeorer\n (LMDP, A. Quuasas, and J. Rossﬁ.}

Let Q Be a BOunded strictly convex C2—domain, f € C(Q), g € C(RV\ Q)
ge Bounded, and u,v: RY — R Be viscosity sug and supersolution of

{ A w(x) = f(x) in Q
w(x) = g(x) in RV\ Q.

Then
u<gon 0 and v> g on 09.




The fractional convex envelope

Comparison principle

,-[Tkeorem (LMDP, A. Quaas, and J. aossn.j

Let Q Be a Bounded strictly convex C2—domain, f € C(Q), g € C(RN\ Q)
ge Bounded and u,v: RN — R Be viscosity sug and supersolution of

{ A w(x) = f(x) in Q,
w(x) = g(x) in RV\ Q.

Then
u<vin RV,




The fractional convex envelope

Existence and uniQueness of solution

,—[Tke_or‘e.m (LMDP, A. Quasas, and J. &ossﬂ}

Let Q Be a BOunded strictly convex C2—domain, f € C(Q) and g € C(RV\Q)
ge Bounded. Then, there is a8 uniQue viscosity solution u to

{ A u(x) = f(x) in Q,
u(x) = g(x) in RV\ Q.

This solution is continuous in Q and the datuw g is taken with conti-
r\ui—ty, that iS, u|aQ = g‘ag.




The fractional convex envelope

Existence and uniQueness of solution

,_[cOrouary (LMDP, A. Quaas, and J. aossn.j

Let Q Be a Bounded strictly convex C2—domain and g € C(RV \ Q) e
gounded. Then, u} is the uniQue viscosity solution to

{ Au(x)=0 in Q,
u(x) = g(x) in RN\ Q.

Moreover u} € C(Q) and the datuwm g is taken with continuity, that is,
uilon = gloa:




The fractional convex envelope

A reaularity resutt

,-[‘rkeorem (B. Barrios, LMDP, A. Quaas, J. aossn.]

Let Q Be a Bounded strictly convex C?—domain and u Be a viscOsity
solution of
ANu(x)=f(x) in Q, u(x)=g(x) in RV\Q
Assume that s > 1/2, f, g are sounded functions and g satisfies a HSIder
Bound, sO that there exist M, and 3 € (s,2s) such that
g(x) — (V)] < Mg|x —yI”, x, y e RV \ .
Then u € C7(Q) where
0,2s—1 i =
e (0,2s—-1) 1#g=0,
(0,8-5) ifg#0.




The fractional convex envelope

A reaularity resutt

To prove the lasts resuit we have to take into account the aeometry
properties of our domain. In particular we use that,

Q= ﬂ Br(z — Rv(2)),

z€0Q

£or some R > 0 whose value it is related with the principal curvatures of 02
and v(z) denotes the outward Nnormal unit vector of Q in z € Q.



The fractional convex envelope

A reaularity resutt

To prove the lasts resutt we have to take into account the geometry
properties of our domain. In particular we use that,

Q= ﬂ Br(z — Rv(2)),
z€0Q

£or some R > 0 whose value it is related with the principal curvatures of 02
and v(z) denotes the outward Nnormal unit vector of Q in z € Q.

2021 | Birindelli, G. Galise and -H. Ishii.
20272 1. Birindelli, G. Galise and D. Schiera.



The fractional convex envelope
The limit as s "1

,_[‘rkeorem (B. Barrios, LMDP, A. Quaas, J. {{ossi)]

Given a continuous and Bounded exterior datumw g: RV \ Q — R, let u?
Be the sequence Of s—convex enevelopes Of g and u* Be the convex
envelope of g. Then, u} converaes uniformly in Q to v* as s /1.




The fractional convex envelope
The limit as s "1

l[dea of the proo#. Our strateay to show that uf converae to the usual
convex envelope as s 1, 1s 10 use the well known half relaxed limits. These
are aiven Ry

uP(x) =sup{ limsup ul(xk): xx — x » and un(x) = inf{ liminf ul(xk): xk — x} .
k—00,s 1 k—00,5 71

We show that u" is a sussolution of
ANux)=0 in Q, u(x)=g(x) in RV\Q.

and ug is a supersolution. From the comparison principle, we ortain u- < ug

(notice that the reverse inequality trivially holds) and hence we conclude that

u” = ug = u* provina the desired converaence result.
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Open proglem

What is a fractional convex set?



Open prorlem

Our idea

Any closed convex set C is the intersection of all halfspaces that contain it:

C =n{H: H halfspace st. C C H}.



Open prorlem

Our idea

Any closed convex set C is the intersection of all halfspaces that contain it:

C =n{H: H halfspace st. C C H}.

What is 8 nonlocal halfspace?



Thank youl!
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